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Abstract
This thesis details experimental research of laser-driven electron acceleration from
underdense plasmas and the characterisation of the x-ray radiation owing to the
transverse oscillatory motion that electrons perform during the acceleration process.
Acceleration of monoenergetic electron beams to the GeV level was achieved for
the ﬁrst time in a self-guiding, self-injecting wakeﬁeld accelerator in the nonlinear
regime, driven by the 200 TW Astra Gemini laser. The laser pulse was shown to
be self-guided for 1 cm or more than ten times its Rayleigh range, by measurement
of a single ﬁlament containing > 30% of the initial laser energy at this distance. The
intensity in the guided ﬁlament is ampliﬁed beyond its initial value, as suggested by
the GeV electron energy gain. Three dimensional numerical modeling is in excellent
agreement with the experimental ﬁndings.
In this regime, a beam of tens of keV x-rays emanating from a micrometer source
with milliradian divergence, spatial coherence and a peak brightness comparable to
third generation light sources was measured on experiments with the 100 TW Her-
cules laser. The measurements show that, due to their small transverse oscillations,
the electron trajectories and their radiation properties resemble the scenario of an
electron in a wiggler-type insertion device, with a strength parameter K close to
1. The experimental ﬁndings are supported by three dimensional modeling of the
electron and x-ray beam.
Betatron radiation was also measured with ten times longer and more intense
pulses from the Vulcan Petawatt laser. In this case, electron acceleration is
strongly driven transversely by the laser and a betatron resonance leads to a ten-
fold increase in oscillation amplitude. This alters the characteristics of the emitted
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8synchrotron radiation fundamentally, increasing 50-fold the strength parameter and
divergence, 10-fold the source size and up to 5-fold the x-ray energy, thereby broad-
ening the electron energy distribution and converting up to 5% of their energy into
x-rays.
The studies provide evidence for the scalability of self-guided laser wakeﬁeld
accelerators from 0.1 to 1 GeV. Furthermore the work demonstrates that betatron
radiation can help to understand the acceleration process and has characteristics
comparable to conventional synchrotron light.
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Chapter 1
Introduction
Da ich nicht mehr mit sauerm Schwei,
Zu sagen brauche, was ich nicht wei;
Da ich erkenne, was die Welt,
Im Innersten zusammenhalt,
J. W. v. Goethe, Faust, Tubingen (1808)
Mankinds curiosity culminates in its relentless pursuit to penetrate the forces
that hold the universe together. This quest, as philosophical as it may sound, has
nonetheless been approached by the methodology of physics, studying the very large
down to the very small. Greek astronomers brought along the idea of the heliocen-
tric world, which was put on a mathematical foundation by Nicolaus Copernicus
(1543), Johannes Kepler (1609) and Galileo Galilei (1610). Celestial mechanics
lead to Newton's formulations of the law of gravitation (1687). Albert Einstein's
theory of general relativity (1917) prompted the exploration of its astronomical con-
sequences and lead to the prevalent cosmological model of the expanding universe,
that originated in the Big Bang, proposed by Georges Lemaitre (1927).
On the other hand, the study of the very small advanced the understanding of
matter. Ernest Rutherford pioneered the planetary model of the atom (1911). Half
a century of theoretical predictions and experimental discoveries followed, of further
and more elementary constituents of matter and the identiﬁcation of forces, through
which they interact that culminated in the Standard Model.
In looking deeper into matter, the probe's wavelength limits the spatial scale
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LHC
SLAC
a b
3 km27 km
Figure 1.1: (a) The Large Hadron Collider (LHC) at the European Organisation for
Nuclear Research (CERN, from previous name Conseil Europeen pour la Recherche
Nucleaire) in Geneva boosts protons and anti-protons to peak energies of 7 TeV in a
27 km circumference ring. (b) The Stanford Linear Accelerator (SLAC) in Stanford
accelerates electrons and positrons to 50 GeV in a 3 km tunnel.
resolvable, very much similar to visible light microscopy, which has a resolution
limit of ' 400 nm. The possibility of accelerating charged particles in electric ﬁelds
to high energies has made particle accelerator the workhorse of elementary particle
and high-energy physics.
But by colliding energetic particles, conditions with new exotic particles are
created that are also ever more reﬂective of the beginning of the universe, when those
exotic particles were prevalent. Probing with higher energies deeper into matter is
therefore comparable to going back in time and thus the only experimental route to
help answer the unsolved problems, such as inﬂation or baryogenesis in cosmology
and high energy physics (HEP).
1.1 Particle Acceleration
1.1.1 Conventional Acceleration
Figure 1.1 shows aerial photographs of the circular accelerator LHC at CERN and
the linear accelerator SLAC in Standford, both of which are big conventional acceler-
ators relying on radio-frequency (RF) waves traveling in metal cavities to accelerate
charged particles. The accelerating ﬁeld in RF cavities is limited to 10 100MVm 1.
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Hence to obtain higher energies, particles must be accelerated over longer distances.
This can be achieved without prohibitively large tunnels by accelerating charged
particles in a circular accelerator. Particles in a circular accelerator however suf-
fer from radiation loss which ultimately limits the ﬁnal energy. LHC will achieve
peak energies of 7TeV for protons and anti-protons, corresponding to a de Broglie
wavelength of 2  10 19m, designed to detect the Higgs Boson. Future particle
bashers for experimental HEP beyond the Standard Model will become unfeasible
large and prohibitively expensive, unless a more compact and aﬀordable acceleration
mechanism is found.
Breakdown in vacuum prevents conventional RF technology from going beyond
' 100MVm 1.
1.1.2 Plasma Wave Wakeﬁeld Acceleration
Much higher electric ﬁelds can be supported through charge separation in a plasma.
A plasma supports a variety of collective phenomena. One of these, the so-called
electron density oscillation, plasma or Langmuir wave [1], can be set up by any
means that can exert a force on the electrons, by electrons [2], positrons, protons [3]
or photons [4], through the electromagnetic interaction, or even by the electroweak
interaction [5]. Of practical relevance are beams of electrons and photons, more or
less readily available from particle accelerators and lasers.
Using high power lasers to drive plasma waves with high electric ﬁelds to accel-
erate electrons was ﬁrst suggested by T. Tajima and J.M. Dawson [6] in 1979. The
time scale of electron response in a plasma is given by the plasma frequency
!p =
s
nee2
me0
(1.1)
where ne is the plasma density, e is the electron charge, me is the electron mass
and 0 is the electric constant. The laser electric ﬁeld cannot however directly
drive these plasma oscillations, as the dispersion relation prohibits electromagnetic
wave propagation unless the laser frequency is !L > !p (section 2.3.2) . The laser
energy is therefore coupled to the plasma through the ponderomotive force Fp =
 e  rL, where L is the associated ponderomotive potential (appendix 8.3). The
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Figure 1.2: Ponderomotive and wakeﬁeld potential in linear laser plasma wave.
ponderomotive force is the nonlinear force term of the laser on the electrons when
averaged over a laser cycle. The gradient of the laser pulse needs to be short to
displace electrons radially. The laser pulse needs to be of suﬃcient intensity I2L &
1018Wcm 2m2 for the wave potential p ' L to be high enough for electrons to
become relativistic e > 1.
The accelerating ﬁeld can be approximated by the Poisson equation ¢E/¢x '
r  E = nee/0 = me!2p/e with ¢x ' c/!p = p/(2) and gives E0 = j¢Ej =
2mec
2/ep ' 3:14/pMV. Here p is the plasma wavelength. For p  L,
ne & 1018 cm 3 and L ' 1m for titanium-sapphire (Ti:Sapph) or neodymium-
yttrium-aluminium garnet (Nd:YAG) lasers, thus E0 . 0:1TVm 1, which is 1000
times larger than in conventional RF cavities.
The ﬁrst available high power lasers had pulse durations   1/!p which is why
beat wave schemes were used, that lead to the modulation of the laser intensity
envelope at the plasma period to allow for resonant driving at !p [4]. Experiments
have shown plasma wave generation and electron energy gain of externally injected
electrons to 28MeV [7, 8, 9, 10, 11]. Shorter and more powerful laser pulses that
were made available with the advent of chirped pulse ampliﬁcation (CPA) [12] could
be self-modulated due to non-linear plasma optics (section 2.2) and drive a laser
wakeﬁeld accelerator (SM-LWFA). A laser pulse longer than the plasma period  >
1/!p is resonantly modulated into a pulse train which can then drive a plasma wave
to very high amplitudes via the ponderomotive force. The plasma wave will break
beyond a certain threshold, which leads to dephasing of some electrons from the
collective oscillation and opens up the possibility of the dephased electrons gaining
energy by riding the wave like surfers on an ocean wave. Self-trapping in the SM-
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LWFA regime was reported ﬁrst in [13], which also demonstrates energy gain to
44MeV, and subsequently in [14, 15, 16].
Electron acceleration will eventually cease when the accelerating structure is
no longer maintained by the laser, due to depletion or diﬀraction (section 2.3.9).
Experiments in the regime of SM-LWFA had to be performed at comparatively high
densities to facilitate wavebreaking. This reduces the phase velocity of the plasma
wave and results in electrons (traveling at essentially the speed of light) out-running
the accelerating phase of the wave (see section 2.3.9). This not only limits the
energy gain, but also results in electron populations with broad energy spread, due
to dephasing1.
With even higher powers (100 TW with short pulses c ' p/2), it is possible to
consider wave breaking in a single plasma cycle. Pukhov and Meyer-Ter-Vehn [17]
showed that such pulses would lead to the driving of plasma waves in a highly non-
linear regime, where the plasma wave is reduced to a solitary cavity free of electrons.
Wave-breaking and self-trapping would then be transient2 and localised to the back
of the bubble-like structure, leading to all injected electrons experiencing the same
accelerating ﬁeld and resulting in quasi-monoenergetic electron spectra.
The development of Ti:Sapph lasers with gain bandwidth large enough to sup-
port tens of femtosecond pulse durations was necessary to enter this regime. The
use of such lasers with relatively moderate powers of tens of terawatt, by exploit-
ing self-compression and focusing of the pulse, allowed this regime to be accessed
and demonstrate the ﬁrst, quasi-monoenergetic, low divergence electron beams with
energy ' 100MeV and charge 10  100 pC in 2004 [18, 19, 20].
1.1.3 Recent Developments
Since then, more experimental groups have reported quasi-monoenergetic electrons
in this a so-called forced LWF regime [22, 23, 24, 25, 26].
Current research in the ﬁeld focuses on extending the energy gain from the
100MeV to GeV scale and improving the quality and stability of beam parame-
1The large energy spread is made worse by injection in consecutive periods of the plasma wave.
2due to the ﬁeld of the beam-loaded electrons
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Figure 1.3: Photograph of S. R. Nagel and author S. Kneip working on the setup
for an experiment with the new 500TW Astra Gemini laser at the Central Laser
Facility (CLF) at the Rutherford Appleton Laboratory, UK. Image reproduced from
Nature Photonics 3, 423 (2009) [21].
ters required for future applications. GeV energy gain has ﬁrst been demonstrated
with external guiding structures that help overcome diﬀraction of the drive laser
whilst relaxing the power requirements [27]. The stability of the beam could be im-
proved by deploying two drive lasers in a colliding arrangement [28, 29, 30, 31, 32]3,
by improving on laser stability [33, 34, 35] or by making use of an external guide
[36]. Further schemes to control the injection process are being investigated [37, 38]
and photo-injecting electrons from a conventional accelerator is pursued by the
EuroLEAP consortium [39, 40]. Electron beam driven laser plasma wakeﬁeld ac-
celeration (PWFA) has demonstrated the doubling of the electron energy of a some
electrons in the drive beam from 48GeV to > 80GeV [41] and will be a focus of
future work at SLAC [42]. Staging of LWF accelerators may also be a route towards
reaching energy gains relevant to HEP [43].
1.2 Radiation Generation
Relativistic electrons are not just used for HEP, but also to produce beams of photons
with exceptional properties, such as high brightness, wide spectral range and short
3in particular by improving the stability of injection
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Figure 1.4: Schematic of a magnetic insertion device, consisting of alternatingly
poled permanent magnets (label 1) that make incoming electrons (label 2) wiggle to
produce a collimated beam of synchrotron radiation (label 3). Insertion devices can
be caterogised into undulators and wigglers, depending on how weakly or strongly
electrons oscillate transversely.
pulse duration.
1.2.1 3rd Generation Conventional Light Sources
Each new generation of x-ray machines has opened up new frontiers in science, from
the ﬁrst medical radiograph [44, 45, 46], to the discovery of the structure of DNA
[47]. To further progress in the medicine, science and technology, access to high
quality ﬂashes of x-rays [48] is needed. Such x-rays are conventionally obtained
by sending relativistic particles through alternating magnetic ﬁelds as depicted in
ﬁgure 1.4, to reinforce the synchrotron radiation that electrons produce on curved
trajectories. For an electron energy E = emec2 where e is the relativistic factor,
and a magnet period u, the radiation4 will appear at a wavelength
 =
u
22e
: (1.2)
which, in order to be in the spectral range of x-rays (' 1 nm, ' 1 keV), needs a
e ' 3000 (' 1:5GeV) for a typical undulator with period u = 2 cm.
Figure 1.5 shows an areal photograph of the Diamond light source [49], a ﬂagship
third generation light source. Electrons are accelerated in a ring to peak energies of
3GeV and converted into x-rays in 22 tangential undulator and wiggler beamlines,
catering for several thousand users from the U.K. and all over the world each year.
4under certain conditions, as will be discussed in section 8.4.
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Figure 1.5: (a) The Diamond light source and the Central Laser Facility (CLF)
at the Rutherford Appleton Laboratory in Oxfordshire, UK. (b) The Deutsches
Elektronen Synchrotron (DESY) in Hamburg, Germay, with PETRA III facility,
soft x-ray free electron laser FLASH and artists impression of x-ray free electron
laser (XFEL).
Beamlines are dedicated to certain types of experiments, which can be cater-
gorised into spectroscopy, imaging and diﬀraction (or scattering) techniques.
Spectroscopy Spectroscopic experiments allow researchers to reveal elemental
composition, chemical state and physical properties of both inorganic material and
biological systems. Scientists use x-rays, infrared and UV and visible light to re-
veal diﬀerent characteristics of samples including biomedical specimen, condensed
matter, engineering and magnetic materials [49].
X-ray absorption spectroscopy ﬁnds applications in many areas of chemistry,
such as combustion chemistry, yielding accurate time-resolved chemical speciﬁcity
to study pollutant formation and ignition phenomena in combustion [50].
Angularly resolved photoemission spectroscopy measurements validate for exam-
ple that a bilayer of graphene can be a switch for high current densities, which may
be used as a new material for high performance electronics of tomorrow [51].
Photo-emission electron microscopy (PEEM) is an imaging technique where ele-
mental speciﬁcity is limited by the energy tunability of the exciting photon whereas
the spatial resolution is limited by the de-Broglie wavelength of the photoelectrons.
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Measurements of elemental speciﬁcity and resolution led to the conclusion that mag-
netic order in proton irradiated carbon stems from the carbon  electron system
and not from ferromagnetic impurities, the ﬁrst demonstration of magnetic carbon
[52, 53].
Diﬀraction When x-rays pass through a crystal they are scattered oﬀ the regular
arrangement of planes of atoms that make up the crystal. Diﬀraction studies can be
used to look at the structure of chemical compounds and composite materials, such
as minerals, ceramics, biological samples and electronic and magnetic materials [49].
Scanning x-ray ﬂourescence and diﬀraction can be used to study trace metals
in solids and sediments in the ground which may be of relevance for environmental
remediation [54].
Time resolved x-ray scattering is a technique that can be used for crystalline
specimens and has demonstrated that laser-generated strain, bond breaking and
hot electron-photon coupling can lead to a solid-to-liquid phase transition [55].
Macromolecular crystallography yields the atomic structure of proteins, which,
when crystallised, greatly reduce the x-ray ﬂuence required to measure a high-
resolution diﬀraction patterns by coherent Bragg ampliﬁcation. Polychromatic syn-
chrotron radiation is necessary, to record a Laue diﬀraction pattern with many
diﬀraction spots, each of which correspond to the Fourier component (structure fac-
tor) of the electron density of the unit cell of the crystal. The method for example
allows surveillance of the functioning of oxygen binding proteins (like haemoglobin)
on the hundred picosecond timescale, as they grab and release carbon oxide in their
catcher mitts [56].
Imaging Even when specimens do not crystallise, a similar computational tech-
nique can be used in a lensless imaging scheme [57], to infer the structure of a
specimen from the diﬀraction pattern so long as the x-ray probe is spatially coher-
ent and the spatial scale of interest is oversampled [58].
Tomographic imaging can be used to reconstruct nanometer to micrometer res-
olution 3D images of biological samples such as butting yeast to study size, shape
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and distribution of its cell organelles [59] or trabecular vertabrae bones to assess age
related bone decay in humans [60].
1.2.2 4th Generation Conventional Light Sources
The x-ray exposure determines the time resolution and radiation damage sets the
maximum dose. The necessity of limiting the dose without the beneﬁt of Bragg
ampliﬁcation inhibits coherent lensless imaging from achieving atomistic resolution
at synchrotrons designed to produce high average, but low peak, ﬂux. Next gen-
eration light sources promise to revolutionise the uses of x-rays even further [61],
through temporal coherence, many orders of magnitude increased peak brightness
and sub-hundred femtosecond pulse duration5. Figure 1.5 b shows an areal view of
the Deutsches Elektronen Synchrotron DESY [63], highlighted in red, with third
generation light source Petra III, recently commissioned fourth generation soft
x-ray free electron laser Flash and hard x-ray free electron laser Xfel still under
construction [64]. A free electron laser (FEL) can be realised when an electron beam
of suﬃcient brilliance (monoenergetic, low emittance) oscillates in an undulator for
long enough that its spontaneously emitted radiation leads to micro-bunching of the
electrons at the radiation wavelength. The radiation is coherently self-ampliﬁed via
this feedback mechanism. Time-resolved lensless images of specimen that can not
be crystallised have recently been obtained on a timescale before disintegration sets
in [65], using the high x-ray dose on the Flash facility [66]. The ultrafast nature
of 4th generation light sources makes them femtosecond stroboscopes to watch, for
example, chemical reactions. X-ray FELs can already achieve focused intensities of
1016Wcm 3. This is large enough to turn aluminium transparent [67] and to study
warm dense matter, a regime that is of interest in high-pressure science, astrophysics
and inertial conﬁnement fusion.
5In principle, the x-ray pulse duration of a third generation source can also be reduced to the
hundred femtosecond scale by laser-modulating the electron bunch [62], but this is at the expense
of brightness.
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1.2.3 Novel Light Sources, Concepts and Applications
Progress in light sources is in fact driven by going to dimensions, times and energy
spaces that are at the level that is appropriate to tackle some of the grand chal-
lenges in science. However, both 3rd and 4th generation light sources are national
laboratory scale facilities that come with price points of several hundred million
to one billion US$. Many schemes are therefore envisaged and pursued using high
power lasers to provide cheaper, more compact and abundant sources of radiation
to complement conventional sources.
Semi-Conventional Schemes Crossing a relativistic electron beam with an in-
tense laser beam under an angle leads to non-linear Thomson or Compton scattering,
where the incident photon energy is Doppler shifted to x-ray or -ray photon en-
ergies in a narrow beam following the electron direction [68]. This method can
yield monochromatic MeV -rays [69, 70], potentially with femtosecond scale pulse
durations6 [71]. -ray sources are of relevance to homeland security and nuclear
ﬂuorescence spectroscopy [72]. Schemes based on plasma wave based acceleration
include feeding a wakeﬁeld accelerated electron beam into a conventional magnetic
insertion device, demonstrating tunable optical and vacuum ultra-violet (VUV) un-
dulator radiation [73, 74, 75].
All-Optical Schemes Quasi-isotropic x-ray radiation can be obtained from a
laser-solid interaction, consisting of mainly (K) spectral line ﬂashes indicative of
the material [76] and of a bremsstrahlung background [77]. Such a plasma x-ray
source can be spatially coherent [78].
In an all-optical scheme, a laser is frequency shifted by more than a factor 100
when counter-propagating against a plasma wave [79], a scheme that is also called
the relativistic ﬂying mirror [80, 81].
High harmonic generation from gases [82] and solids can produce bright coherent
beams of soft x-rays [83, 84, 85], with diﬀraction-limited focusing performance [86]
and sub-femtosecond pulse duration [87] that open up the possibility of high-ﬁeld
6By transversely focusing the electron beam to a micrometer and crossing the laser orthogonally.
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x-ray science in excess of the Schwinger limit [88].
All-Optical Synchrotron Scheme The size of a compact7 synchrotron can be
reduced further; whilst electrons are accelerated in a wakeﬁeld, they oscillate trans-
versely mimicking what happens in a magnetic wiggler. This remarkably simple
scheme has ﬁrst been demonstrated by Rousse et. al. [89]. A beam of spec-
trally broad, so-called betatron x-rays, with keV photon energy, 10mrad diver-
gence, 10m source size, ' 10 fs estimated pulse duration and peak brightness of
1019photons/sec/mm2/mrad2/0:1%Bandwidth(BW) was obtained.
Miniature plasma wigglers have since then been revisited theoretically [90, 91, 92]
and experimentally [93, 94, 95]. In particular, electron orbits in the plasma cavity
were imaged [96, 97], the ultrashort nature of the radiation was demonstrated [98]
and methods were devised [99] and implemented [100, 101] whereby the x-ray photon
energy can be increased. The radiation from the plasma wiggler is anticipated to be
temporally coherent only for wavelengths longer than the electron bunch duration
[102].
In sections 6.6 and 7.2 a comprehensive comparison between some novel syn-
chrotron light sources and conventional facilities will be given based on key electron
and x-ray beam parameters. If laser-driven high quality electron beams could be
relied on, that were injected into a plasma cavity, an ion channel x-ray free electron
laser (ICL) on a table-top may be possible [103], possibly increasing further the peak
brightness by many orders of magnitude. Betatron x-rays / -rays have also been
reported from beam plasma accelerated electrons [104, 105].
1.3 Thesis Outline
This thesis reports on the experimental measurements of electron acceleration and
simultaneous x-ray emission from high intensity laser interaction of high power
(> 100TW) lasers with underdense plasmas. The layout of the thesis is as fol-
lows:
7Here we mean a plasma electron beam coupled to a conventional undulator.
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Chapter 2 outlines the relevant theoretical background on laser electron accelera-
tion and radiation generation due to the betatron oscillation mechanism.
Chapter 3 discusses experimental diagnostics and methods used to conduct the
measurements and obtain the data. The chapter will in particular focus on the x-
ray diagnostics that had to be developed for this work.
The following three chapters then present the experimental results, which were the
culmination of three major experimental campaign.
Chapter 4 The aim of the ﬁrst campaign was to study electron acceleration and,
for the ﬁrst time, radiation generation at ultra-high laser intensities, in a relatively
long pulse 600 fs petawatt interaction. The experiments were carried out at the
Vulcan laser facility at the Rutherford Laboratory.
Chapter 5 The aim of the second campaign was to extend the self-guiding, self-
injecting laser-wakeﬁeld accelerator to GeV scale energies. To access the highly
nonlinear bubble laser wakeﬁeld regime directly, the Astra Gemini Laser at the
Rutherford Appleton laboratory was used. This laser constitutes the ﬁrst of a new
breed of ultrashort 50 fs pulse duration, multi-100 TW facilities.
Chapter 6 The aim of the third campaign was to study in greater detail the char-
acteristics of the x-ray beam, where the electrons are predominantly accelerated in
the wakeﬁeld, with small transverse oscillations. This work was carried out at the
Hercules laser at the University of Michigan, Ann Arbor, USA.
Chapter 7 summarises and discusses the most signiﬁcant results from the previous
three chapters. The electron and x-ray beam parameters achieved with the laser-
driven scheme are compared with conventional accelerator and light source facilities.
The chapter gives an outlook over future directions and challenges of this work.
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Chapter 2
Theoretical Background
This work explores phenomena that occur when high intensity laser pulses interact
with underdense plasma created from gaseous helium targets. At laser intensities
relevant for these studies (1020Wcm 2), the plasma will be fully ionised by the rising
edge of the pulse [106, 107, 108, 109] and ionisation dynamics are disregarded1.
2.1 Electron Trajectories
In this section we will study the behaviour of a single electron when subject to a
monochromatic electromagnetic wave and a parabolic electrostatic potential with
and without constant axial ﬁeld, respectively. On timescales long compared to a
laser cycle, charged particles experience a drift along the intensity gradient of the
laser. On timescales comparable to a laser cycle the electron undergoes a ﬁgure-of-
eight motion when observed from a co-moving frame. This ﬁgure-of-eight motion
is also found to be a good approximation of an electron trajectory in a parabolic
electrostatic channel, for which case the treatment is identical to the case of an
electron in a synchrotron insertion device. An additional constant axial electrostatic
ﬁeld leads to an increase of energy and decrease of transverse excursion over time.
1Although this is valid for this work, gas impurities have recently shown to modify the ionisation
dynamics [110, 37, 38].
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2.1.1 The Ponderomotive Force on a Single Particle
The equation of motion of a single charge in an electromagnetic light wave, charac-
terised by the normalised scalar potential ! q
mec2
and vector potential a = qA
mec2
,
is given in terms of dimensionless parameters (see appendix 8.3):
d
dt(p  a) =  c(ra)  ¯ + cr (2.1)
Here, p! p
mec
is the normalised momentum and ¯ = v
c
the normalised velocity of
the particle. A complete list of the normalisations used can be found in appendix 8.1,
table 8.3. If we consider a laser pulse a with fast oscillating temporal dependance
!L = jkLjc, and slowly varying temporal and spatial envelope with pulse duration
  1/!L and waist w  1/jkLj time averaging yields the ponderomotive force on
a single particle in vacuum (see appendix 8.3):*
du
dt
+
=  
*
c

ra
2
2
+
(2.2)
As a2 / q2, both ions and electrons will be pushed away from regions of high laser
intensity. The ponderomotive force plays a key role in laser particle acceleration
since its time-scale can vary on the order of the time-scale of the plasma response
(1/!p). It can eﬃciently set up a large amplitude charge density oscillation with
relativitistic phase velocity providing the electrostatic ﬁeld for electron wakeﬁeld
acceleration (see section 2.3.4).
Multiplying equation (2.2) by mec and replacing a =   eEmec!L where E is the
electric ﬁeld of the laser yields, in the non-relativistic limit ((t) ' 1), the more
familiar form of the ponderomotive force on a single electron
Fe =   e
2
2me!2L
D
rE2
E
=   e
2
4me!2L
rE20 (2.3)
where the extra factor 1/2 comes from time-averaging the electric ﬁeld E.
2.1.2 Electron in Plane Monochromatic EM Wave
In order to derive the electron orbit when subject to a monochromatic electromag-
netic wave a = a(), one can no longer average over short timescales but has to
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consider the full equation of motion (8.12). The argument is deﬁned as the nor-
malised quantity  = z   ct and describes an electromagnetic wave in vacuum. The
Lagrange function (8.9) with  = 0 in normalised notation (see appenidix 8.1.3)
L =  
q
1  2   a  ¯ (2.4)
where x and y are cyclic coordinates2 and hence the normalised canonical momenta
ux;y = px;y   ax;y = @L/@x;y are conserved3. For an electron that is initially at rest
before the arrival of the laser, px;y(t = 0) and ax;y(t = 0) the equation of motion in
x and y becomes
px = ax (2.5a)
py = ay (2.5b)
Using the deﬁnition of the Hamilton function we obtain:
H :=
@L
@¯
¯   L = ¯(p  a) + 1/ + ¯a =  (2.6)
The Hamilton principle fact states
dH
dt
=  @L
@t
=  @L
@
@
@t
(2.7)
where we used the chain rule. Furthermore, with a = a() we obtain:
 @L
@
@
@t
= !L
@L
@
(2.8)
Using the Euler-Lagrange equation @L
@
= d
d!Lt
@L
@z
where time is normalised by 1/!L
and the canonical momentum @L
@z
= uz we obtain
!L
@L
@
=
duz
dt
=
dpz
dt
(2.9)
where we have used az = 0. From equations (2.6) to (2.9) we can see that
d
dt
=
dpz
dt
(2.10)
2i.e. L does not depend on x and y
3The relation between cyclic coordinates, or symmetries and conservation laws is described in
Noether's theorem [111].
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and therefore the quantity  pz is conserved. Then  pz = (t = 0) pz(t = 0) = 1
since the electron was chosen to be initially at rest. From that we obtain
2 = 1 + 2pz + p
2
z (2.11)
which we compare with
2 = 1 + p2 = 1 + p2x + p
2
y + p
2
z (2.12)
to obtain the equation of motion in z
pz =
a2x + a
2
y
2
(2.13)
In terms of the generalized coordinate , we can write
pr = r =

c
dr
dt
=

c
d
dt
dr
d
=  dr
d
= a (2.14a)
pz = y =

c
dz
dt
=

c
d
dt
dz
d
=  dz
d
=
a2
2
(2.14b)
where we have used 
c
d
dt
= !L
c
(z   1) with  = 1/(1   z) from the conservation
of    pz = 1 and assumed a linearly polarized laser in r of the form a = a0 cos().
Equations (2.14a) and (2.14b) can then be integrated
r =  ca0
!L
sin  (2.15a)
z =   ca
2
0
8!L
(2 + sin 2) (2.15b)
One can see that due to the diﬀerence in scaling with a0, for low laser intensities
(a0  1) the motion will be predominantly in the transverse direction, whereas for
high intensities (a0  1) the motion will be predominantly longitudinal. When
observed from the laboratory frame the motion consists of a constant drift in z
plus an oscillatory motion, as depicted in ﬁgure 2.1(a). When observed from a
frame co-moving with the electron, i.e. by omitting the drift term /  in equation
(2.15b), the ﬁgure-of-eight motion characteristic of an electron in an electromagnetic
wave becomes obvious (see ﬁgure 2.1(b)). The maximum electron excursions in
the r  and z direction are a0L/(2) and a20L/(16) respectively. For very high
a0 > 2, the radial excursion will be larger than the wavelength of radiation. This
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Figure 2.1: Trajectory of an electron in the ﬁeld of a monochromatic electromag-
netic wave traveling in z-direction for diﬀerent normalized laser ﬁeld a0.
has implications for real laser pulses, which, when focused, have a characteristic size
and shape on the order of a few wavelengths L. The assumption that hai ' 0 in
the derivation of the ponderomotive force in appendix 8.3 is then no longer valid.
This will yield a polarization dependence of the ponderomotive force, and since it
is the ponderomotive force that sets up the plasma wave, will have consequences on
the process of electron acceleration.
2.1.3 Electron in Radial Electrostatic Field
In this section the motion of an electron in a parabolic transverse and linear axial
potential shall be derived.
 = 0
 
1  r
2
r20
!
+ Ezz (2.16)
where r0 could be the radius of a plasma channel or cavity. We have normalised
Ez !  eEz/mec2. In the absence of a laser a = 0, the equation of motion (8.12)
simpliﬁes
du
dt =

 _¯ + _¯

= cr (2.17)
and there is no diﬀerence between momentum and canonical momentum p = u.
The axial electric ﬁeld is given by Ez =  @/@z and the radial electric ﬁeld is given
by Er =  @/@r =  20r/r20. The electrostatic potential is related to the electron
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and ion densities, ne and n0.
0r  E =  0r2 = e(n0   ne) (2.18)
Deﬁning k^2p = en0/0, we can rewrite in dimensionless form
r2 = k^2p

ne
n0
  1

(2.19)
This illustrates that the electron will experience a maximum focusing force in case
the channel is completely cavitated, i.e. electron-free ne = 0. This is often called
blow-out regime and applies to laser wakeﬁeld acceleration (LWFA) and direct laser
acceleration (DLA). The blow-out potential is then given by
r2 = 1
r
@
@r
 
r
@
@r

!
=   4
r20
0 =  k^2p (2.20)
We ﬁrst consider the case for Ez = 0 so that _ = 0. The Lagrange function
(equation(8.9)) for an electron in the given potential simpliﬁes to L =  p1  2+
and has one cyclic coordinate z and consequently the (canonical) momentum uz =
pz = @L/@z is conserved. Using the Hamilton principle fact dHdt =
d( )
dt
=  @L
@t
=
0, we also have     = const. We can write
uz = uz0 (2.21)
 = z0 + (r)  (r) = z0 +¢ (2.22)
if we assume that (t = 0) = z0 and r to be the initial amplitude of the electron.
Upon squaring the second equation in (2.22) and using 2z0 = 1 + u2z0 we obtain
u2? = 2z0¢ + ¢
2. This means that u?(r = r) = 0. Without loss of generality
we shall assume the electron orbit lies in the (x; z) plane. We then obtain from
equation (2.17)

c
dvx
dt
= crx =  2c x
r20
(2.23)
Äx =  20c
2
r20z0
x (2.24)
where we have used equation (2.22) to replace  ' z0. Equation (2.24) is a harmonic
oscillator equation deﬁning the betatron frequency !2 =
20c
2
r20z0
. We deﬁne k :=
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!c = (20/z0r
2
0)
1/2 and
x ' r sin(kct) (2.25)
x ' kr cos(kct) (2.26)
If the electron travels with  ! 1, it cannot maintain z = 1 if a transverse motion
x is added:
z =

2   2x
1/2 '   1  2x
22
!
' z0
 
1  
2
x
2
!
(2.27)
for jxj  jj = 1 and 2 = 2x + 2z = 2z0. This yields with (2.26)
z ' z0
 
1  k
2
r
2

4
!
  z0
k2r
2

4
cos(2kct) (2.28)
z ' z0 + z0
 
1  k
2
r
2

4
!
ct  z0
kr
2

8
sin(2kct) (2.29)
We need to emphasise that x, z, x and z are accurate only for jxj  jj. It is
worth noting, that the betatron frequency ! in the blow-out regime 0 = r20k^2p/4,
with k^2p = en0/0 and   emec2 !  yields the familiar result ! = !p/
p
2z0 if
we identify !2p = n0e
2
me0
with the plasma frequency (cf. section 2.3.1). According
to equations (2.24) the electron performs a harmonic oscillation at the betatron
frequency in the transverse direction. This is accompanied by a harmonic oscillation
in the z-direction at twice the betatron frequency. The orbit of the electron resembles
a ﬁgure-of-eight in a frame co-moving with the electron as we found for an electron
in an intense monochromatic electromagnetic ﬁeld. The ﬁgure-of-eight motion is
an exact solution of the electron orbit in a monochromatic electromagnetic wave.
In case of the betatron oscillation, the ﬁgure-of-eight motion requires k2r2/2  1
which is equivalent to 0r2  r20z0. It is instructive that the bigger the potential
the stronger the focusing force and the bigger the maximum transverse velocity x
that can be acquired by the electron. This would distort the harmonic transverse
oscillation x(t) ultimately resulting in a rectangular velocity function. Accelerating
charges are bound to radiate as will be discussed in section 8.4. Simple arguments of
Fourier theory suggest that the radiation will increase its bandwidth as the electron
deviates from a monochromatic harmonic motion.
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2.1.4 Electron in Radial Electrostatic and Constant Axial
Field
We now consider the case where Ez 6= 0 and we project equation (2.17) into the
x  z plane:
d(z)
dt = cEz (2.30)
d(x)
dt =

 _x + _x

=  2c x
r20
(2.31)
Equation (2.30) describes the momentum gain in the accelerating ﬁeld
z   z0 = cEzt (2.32)
With a more strict approximation z '  than in section 2.1.3, we lose the oscillatory
z motion of equation (2.28) and obtain for the momentum change in the accelerating
ﬁeld:
 =
eEz
mec
t+ 00 = at+ b (2.33)
Equation (2.31) can then be written with (2.33) for  ' 1
(at+ b)Äx+ a _x+ ex = 0 (2.34)
where e = 2c2/r20 and describes the transverse oscillation in the presence of an axial
accelerating ﬁeld. The solution of equation (2.34) for initial conditions x(0) = x0
and _x(0) = 0 is [112]
x(t) =

p
eb
a
x0

J1

2
p
eb/a

Y0

2
q
e(b+ at)/a

 Y1

2
p
eb/a

J0

2
q
e(b+ at)/a

(2.35)
where Ji and Yi are Bessel functions of the ﬁrst and second kind, of order i, re-
spectively. Figure 2.2 plots equation x(z) from (2.35) and (z) for various initial
conditions as given in the ﬁgure caption.
2.1.5 Electron in Plane Monochromatic EM ﬁeld and static
harmonic potentials
So far, we have separately treated the motion of an electron in a plane monochro-
matic electromagnetic wave and the motion of an electron in a radial electrostatic
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Figure 2.2: Betatron oscillations in harmonic transverse and constant longitudinal
ﬁeld, for initial conditions x0, ne and  = eEzmc!p as given in the ﬁgure, and injection
energy 0 = 10. The legend for both panels is given in ﬁgure b.
ﬁeld, where the generating potential was harmonic. However, electrons inside a
plasma channel or cavity can experience both sets of ﬁelds at the same time. Fur-
thermore, as there will be multiple electrons in reality, one may imagine that the
electrons will experience their self-generated azimuthal magnetic ﬁeld whilst propa-
gating in the channel. The Lagrange function L for a single electron in the presence
of two sets of potentials is
L =  mec2
q
1  ¯2 + q(AL +AEx)  v   q(L + Ex) (2.36)
whereAl = A0;l sin(!Lt kLz)x^ and L = 0 are the laser potentials andAEx =  B
2
x2x^
and Ex =
E
2
x2 + 0 are the external potentials, which are chosen to be harmonic,
so as to preserve the transverse oscillation. The potentialAEx represents a magnetic
ﬁeld BEx =  Bxy^ orthogonal to x^ and z^ and Ex represents the radial electro-
static ﬁeld of the channel or cavity EEx =  Exx^, which is equivalent to equation
(2.16) for E =  20/r20.
With EL =  @AL
@t
= E0;L cos(!Lt  kLz)x^ and BL = rAL = B0;L cos(!Lt 
kLz)y^, we obtain E0;L = !LA0;L and B0;L = kLA0;L. Deﬁning vph := !L/kL, we have
B0;L = E0;L/vph and BL;y = EL;x/vph. Analogously to appendix 8.1.3, we obtain the
equation of motion from the Lagrangian (2.36)
dp
dt
=  e [(EL +EEx) + (v BL + v BEx)] (2.37)
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The x, y and z-components of this are
dpx
dt
=  e
" 
1  vz
vph
!
EL;x + EEx;x + vzBEx;y
#
(2.38)
dpy
dt
=0 (2.39)
dpz
dt
=  e [vxBL;y + vxBEx;y] (2.40)
where we have substituted BL;y = EL;x/vph. With py(t = 0) = 0, we have py = 0.
From m2ec42 = m2ec4 + c2p2x + c2p2z we obtain
d
dt
=
1
2m2ec
2
 
2px
dpx
dt
+ 2pz
dpz
dt
!
=
1
mec2
 
vx
dpx
dt
+ vz
dpz
dt
!
=  evx
mec2
(EL;x + EEx;x) (2.41)
Using
dpx
dt
=
d(mevx)
dt
= mevx
d
dt
+me
dvx
dt
(2.42)
and equations (2.38), (2.41), Eex =  Exx^ and BEx =  Bxy^, we obtain
d2x
dt2
+ (E + vzB)
ex
me
=
"
2x  
 
1  vz
vph
!#
eEL;x
me
+
 
dx
dt
!2
eEx
mec2
(2.43)
This equation represents a driven anharmonic oscillator. In absence of the right
hand side of the equation, and with !2 = (E + vzB)e/(me), we are left with the
special case of the harmonic oscillator discussed in section 2.1.3.
In the lab frame, the time it takes between the observation of two wavefronts sepa-
rated by L is
t0 =
L
vph   vz =
2vph
(vph   vz)!L (2.44)
where !L is the frequency of the driving laser in the laboratory frame. Thus, we
obtain for the frequency of the driver in the lab frame
!0L =
 
1  vz
vph
!
!L (2.45)
If the frequency of the driver equals the eigenfrequency of the undriven oscillator !,
a resonance will occur. The resonance condition ! = (1   vz/vph)!L states that,
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when an electron makes one oscillation, the electromagnetic wave, which propagates
at vph > c 4, overtakes it by one period. The electron and electromagnetic wave
remain in phase and eﬃcient energy exchange is possible.
2.1.6 Electron in Insertion Device
The motion of an electron in a parabolic radial electrostatic ﬁeld is identical to the
motion of an electron in a conventional synchrotron insertion device. The transverse
motion of the electron in the magnetic ﬁeld By(z) = B0 sin k0z of an insertion device
with peak amplitude B0 and magnet period 0 = k0/2 is given by [113]:
x(t) = a sin k0ct (2.46)
With arguments similar to those in our equation (2.27), reference [113] obtains the
longitudinal equation of motion for an electron in an insertion device
z(t) = 
 
1  K
2
42
!
  K
2
8k02
sin(2k0ct) (2.47)
where the strength parameter is deﬁned as K = eB0
k0c2me
= k0a.
Equations (2.46) and (2.47) are remarkably similar to (2.25) and (2.29) if we
identify a = r and deﬁne a betatron strength parameter
a = z0kr (2.48)
It is the strength parameter that determines the characteristic spectrum of an inser-
tion device. For K  1 an insertion device is called undulator whereas for K  1 it
is called wiggler. Since the derivation of the betatron oscillation has only required us
to fulﬁll k2r2  2, the betatron strength parameter a2  22z0 can be greater than
1 for larger 2z0 and the electron motion will still be described by the above equa-
tions (2.46) and (2.47). The radiation emitted by an electron undergoing betatron
oscillations will be studied in section 8.4.
4for a focusing laser in vacuum
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2.2 Nonlinear Optics of Intense Laser in Under-
dense Plasmas
Nonlinear optics is the study of phenomena that occur as a consequence of the mod-
iﬁcation of the optical properties of a material by the presence of light. Typically,
only laser light is suﬃciently intense to give rise to these modiﬁcations. In case
of linear optics, the induced polarisation, i.e. the dipole moment per unit volume
P (t) depends linearly upon the strength of the applied optical ﬁeld E. In nonlinear
optics, the optical response can often be described in a power series [114]
P (t) = 1E(t) + 2E2(t) + 3E3(t) + ::: (2.49)
where the quantities i are the optical susceptibilities of order i. The susceptibility is
what deﬁnes the index of refraction  of a material, 0r = (1+)0 and  =
p
rr,
where r and r are the material's relative permittivity and permeability. Therefore
it is clear, that the properties of light propagation in a material will change, if the
higher order terms i become relevant.
The refractive index  = c/vph in a plasma is given by the phase velocity of the
laser vph. The phase velocity of the laser
vph =
@!L
@k
= c
 
1  !
2
p
!2L
! 1/2
(2.50)
can be obtained from the dispersion relation of electromagnetic waves in a plasma
(as derived in section 2.3.1). For large amplitude plasma waves and relativistic
electrons, the plasma frequency has to be modiﬁed !2p = n0e
2
me0
ne
n0
. The refractive
index
(r) =
c
vph
=
 
1  !
2
p
!2L
ne
n0
!1/2
' 1  !
2
p
2(r)!2L
ne(r)
n0
(2.51)
then becomes a function of the radius, due to its dependency on (r) and ne(r),
and is also dependent on changes to the laser frequency !L. If we take the quiver
motion of the electron in the electromagnetic wave, studied in section 2.1.2 as the
dominant motion, we can write
 =
q
1 + (u+ a)2 =
q
1 + p2z + a
2 =
q
1 + a4/4 + a2 = 1 + a20/2 (2.52)
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and obtain an expression for  in equation (2.51). The density proﬁle can have con-
tributions from a preformed density channel ¢ne/n0 ' (¢np/n0)(r2/r20) or a plasma
wave ¢ne/n0 ' (¢nw/n0) cos(kp(z  ct)). For j¢np/n0j  1 and j¢nw/n0j  1, we
then obtain for the refractive index [115, 116]:
 =
 
1  !
2
p
2!2L
 
1  2¢!L
!L
+
¢np
n0
+
¢nw
n0
  a
2
2
!!
(2.53)
It is clear that vph and vg will be modulated through changes in the density, laser
intensity or frequency. The laser vector potential can only be modulated in three
ways, by changing its length L (longitudinal bunching), by changing is transverse
extent w (transverse focusing) and by changing its frequency !L (photon acceleration
/ deceleration). This is a result of the conservation of photon number in a local
volume a20!Lw2L = const. in the absence of quantum eﬀects such as ionisation [116].
2.2.1 Pulse Compression
Pulse compression occurs because of diﬀerent temporal parts of the pulse travel at
diﬀerent group velocities, which requires a gradient of the refractive index along
the propagation direction as illustrated in ﬁgure 2.3 [116]. This gradient needs to
be stationary in the light's frame of reference and we therefore introduce the wave
frame coordinate  = z ct and  = t (see Appendix, 8.2). The change in separation
L between two positions 1 and 2 in the pulse after a time ¢t is
¢L = (vg2   vg1)¢t = L@vg
@z
¢t = L
@vg
@
¢t (2.54)
if the two positions are near each other. With ¢t = ¢ , this gives
1
L
@L
@
=
@vg
@
= c
@
@
(2.55)
which is the rate that two positions bunch or de-bunch because of variations to
the group velocity in the speed of light variable . Longitudinal variations of the
refractive index  due to any of the terms in equation (2.53) can lead to changes of
the shape of the envelope of the laser, e.g. stretching, compression and modulation.
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Figure 2.3: A diﬀerence of group velocity between the head and the tail of the
pulse due to a refractive index gradient will lead to pulse compression.
2.2.2 Photon Acceleration
In photon acceleration, the local frequency changes because of longitudinal variations
in vph [116]. This will require a longitudinal change in the index of refraction , which
we have seen also leads to pulse compression. In fact, photon acceleration and pulse
compression will occur at the same time as pulse duration and spectrum are related
via a Fourier transformation. Two phase fronts initially located at the diﬀerent
positions z10 6= z20 will move over a time ¢t:
z1 = z10 +¢tvph1 z2 = z20 +¢tvph2 (2.56)
Subtracting z1 from z2 gives
z2   z1 =  = 0   0¢t@vph
@z
(2.57)
(2.58)
and
1

@
@
=
@vph
@
(2.59)
If we express this in terms of the frequency we obtain
1
!L
@!L
@
=
c
2
@
@
(2.60)
2.2. NONLINEAROPTICS OF INTENSE LASER IN UNDERDENSE PLASMAS57
which is the rate of frequency change that photons experience due to a longitudinal
gradient of the refractive index. The frequency of the photon will increase, if the
gradient of the refractive index is positive, which is called photon acceleration.
For laser pulses of duration c ' p in a plasma wave, the front of the pulse will
experience redshift, and steepen, as the red photons experience a reduced refractive
index. The back of the pulse will experience blueshift, and catch up with the front,
as the blue photons experience an increased refractive index. If the pulse length is
several times the plasma wavelength c  p, the beam is broken up in a series of
pulses, due to red and blueshift and compression in their respective plasma periods.
The modulated laser intensity proﬁle can feed back on the plasma density proﬁle in
a parametric process called Raman scattering. This scheme is of historic relevance.
Before lasers had progressed to the ultrashort pulses available nowadays, this scheme
made it possible for longer high intensity laser pulses to self-modulate and drive a
plasma wave to high amplitude and wavebreaking [13, 14, 15, 16].
2.2.3 Self Focusing
In a wave, the energy in a laser beam ﬂows normal to the phase front, i.e. the
outside regions of the pulse must travel faster to curve forward in order for focusing
to occur, as illustrated in ﬁgure 2.4. In a time ¢t, the angle that the wavefront
bends forward is given by [116]:
 =

vph2   vph1
w

¢t (2.61)
where position 1 is located on the axis and position 2 is located at the edge of the
beam a distance w from the axis. For focusing vph2 > vph1 or @/@r < 0. The
transverse energy is focused inwards with velocity vg sin  ' vg, which is equal to
the rate of change of the spot size ¢w/¢ :
@w
@
=  c =  c

vph2   vph1
w

¢t (2.62)
Diﬀerentiating with respect to time gives
@2!
@ 2
=  c

vph2   vph1
w

=
c2

@
@r
(2.63)
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which is the acceleration of the spot size caused by transverse variations in vph.
Radial variations of the refractive index due to relativistic or ponderomotive correc-
tions to the transverse density proﬁle or the use of a plasma wave guide can lead to
focusing of the pulse.
In particular, self-focusing can counteract natural diﬀraction, which on its own
leads to an increase of the spot size. The Rayleigh length zR represents the lengths
over which the laser stays roughly in focus [117]. For gaussian pulses of the form
I(z; r) = I0e
 2r2/w2(z), it is deﬁned as the distance from focus, where the area of the
pulse increases by a factor of 2. It can be shown that a gaussian beam of wavelength
L propagating in z-direction evolves as [117]:
w(z) = w0
vuut1 + 2Lz2
2w40
(2.64)
Then it follows that for w(zR) =
p
2w0, the distance propagated is zR = w20/L.
Realising that z = c , we diﬀerentiate equation (2.64) twice, near to the focus, to
obtain the acceleration of the spot size due to diﬀraction
@2w
@ 2
' 4c
2
k20w
3
0
(2.65)
If we consider the transverse refractive index gradient to be fully due to relativistic
corrections to the density proﬁle in equation (2.53) gives us
@2w
@ 2
=  1
8
!2p
!2L
c2
w
a20 (2.66)
Therefore, self-focusing occurs when the two rates (2.65) and (2.66) are balanced or
a20
32
w20
!2p
c2
> 1 (2.67)
This is a threshold condition for the laser power P / a20w20 which occurs for P/Pcrit >
1 where the critical power for self-focusing is [118]
Pcrit =
80m
2
ec
5!2L
e2!2p
' 17!
2
L
!2p
GW (2.68)
This result is similar to the one obtained from a more stringent derivation [119]. The
threshold power decreases with increasing density. The ponderomotive contribution
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Figure 2.4: Radial variations of the refractive index due to gradients in the trans-
verse density proﬁle can lead to pulse focusing.
to the refractive index gradient will reduce this threshold somewhat. Unfortunately,
at the front of the laser, there is an intensity dependent increase in plasma density
due to snowplowing of plasma that exactly cancels the intensity dependent rela-
tivistic contribution to the refractive index. This means, that even for P > Pcrit,
the front of the laser pulse diﬀracts and only for later phases of the plasma wave
can the ponderomotive component make a focusing contribution and enhance the
relativistic self-focusing.
P  Pcrit can ultimately lead to expulsion of all electrons. This phenomenon is
called cavitation and will be discussed in more detail in the sections on 3-D plasma
waves. Self-focusing for very short pulses may be ineﬀective due to the slow response
of the plasma refractive index [120] but for P  Pcrit a degree of self-guiding is still
possible because the leading edge of the pulse depletes before it diﬀracts and the
tail of the pulse is guided in the ion column region [121].
2.3 Laser Wakeﬁeld Accelerators
In this section we will introduce electron plasma waves, and discuss in one dimension,
their maximum sustainable electric ﬁeld (wave-breaking threshold) and how they
can be excited by the laser (ponderomotive force) to the point where electrons are
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self-trapped from the plasma wave. Aspects pertaining to multi-dimensional plasma
waves are mentioned and the bubble-regime is introduced which has attracted in-
terest as it comprises a particularly stable scenario in LWFA. Electron energy gain
and limits to it are discussed for the one-dimensional and bubble regime.
2.3.1 Linear Electron Plasma Waves
When plasma electrons are displaced from their ionic background, an electric ﬁeld
is produced which causes the particles to recoil and oscillate about an equilibrium
position. These oscillations are the fundamental principle of the LWFA.We will treat
ions as ﬁxed, due to their higher mass and slower response to an electromagnetic
force as compared with electrons. Furthermore we assume that collisions can be
ignored for the timescale of interest. Phenomena in the plasma are described by
Maxwell's equations (8.3) and (8.4). If the plasma is homogeneous, the solution
of Maxwell's equations can be written as a sum over Fourier modes Ekei(kr !t),
Bke
i(kr !t) and Jkei(kr !t). For non-relativistic plasmas the electron velocity can
also be decomposed into Fourier modes vkei(kr !t) and with  eE = F = m _v, we
obtain vk =  i eEk!me . The current is related to the electron velocity via J =  eneve,
so we can express the current modes in terms of the electric ﬁeld modes with Jk =
ine
e2Ek
!me
. The Maxwell equations can then be rewritten for the Fourier modes
k Ek = !Bk
k Bk = 0ne e
2Ek
!me
  00!Ek (2.69)
This set of equations suggests distinguishing between two types of solutions, for
k k Ek and for k ? Ek.
For k k Ek, it follows that Bk = 0 and we obtain the dispersion relation for an
electron-density oscillation or Langmuir wave in a cold, non-relativistic and homo-
geneous plasma with static ions:
!2 = !2p :=
nee
2
0me
(2.70)
The plasma frequency, which depends only on the plasma density, is one of the
fundamental parameters in plasmas and represents the inverse of the character-
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istic timescale for collective electron response. Numerically, !p/2 = fp  9 
1012
q
ne/1018cm 3Hz. For plasma densities relevant to this work (1018 cm 3 <
ne < 10
20 cm 3) the plasma frequency fp is smaller than the laser frequency fL =
!L/2 = c/L = 3 1014Hz for a laser with L = 1m.
If the above assumptions are broken (inhomogeneous plasma, warm plasma, rel-
ativistic electrons, non-stationary ions), the problem becomes analytically insoluble.
2.3.2 Electromagnetic Waves in Plasmas
For k ? Ek, we obtain from equations (2.69) the dispersion relation for electromag-
netic waves in a plasma
!2 := !2L = !
2
p + k
2c2 (2.71)
The phase velocity of a light wave in a plasma is greater than the speed of light
v2ph =
!2L
k2
= c2 +
!2p
k2
> c2 (2.72)
However the group velocity cannot exceed the velocity of light
vg =
@!L
@k
=
c2
vph
(2.73)
Equation (2.71) shows that for !L > !p propagating (oscillatory wave) solutions
exist and the ponderomotive force of the laser can potentially set up a plasma wave.
For !L < !p, k becomes imaginary yielding an evanescent wave. Electrons are
able to respond to the fast oscillation of the laser ﬁeld and the plasma can inhibit
the propagation of the laser completely. In a wave picture, the electrons can be
imagined to radiate a secondary wave that destructively interferes with the primary
wave. The density that corresponds to !L = !p is called critical density
nc =
!2Lme0
e2
(2.74)
For  = 1 m the critical density is nc = 1 1021cm 3.
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2.3.3 Wave-Breaking
A non-relativistic estimate of the maximum electric ﬁeld that can be supported by
a 1-D cold plasma wave with electron density ne = !2pme0/e2 can be estimated
with Poisson's equation (8.1) 0rE = !2pme0/e, assuming a linear ramp electric
ﬁeld over a characteristic length c/!p given by the plasma wavelength. This yields
a good approximation of the wave breaking threshold
Ewb = E0 = mec!p/e (2.75)
which equates to Ewb '
q
ne/cm 3GVcm 1. For electric ﬁelds higher than Ewb,
trajectories of electrons of the wave can cross and the wave structure loses coherence.
A fully relativistic 1D calculation is analytically soluble. In the limit of a cold
plasma, the maximum electric ﬁeld is [122, 123]
Ewb = [2(ph   1)]1/2  E0 (2.76)
where ph = (1   2ph) 1/2 with ph = vph/c from equation (2.72). Here the wave
breaking threshold was deﬁned as the electric ﬁeld necessary to turn around a wave
electron traveling with  vph, as would be found half way between the maxima of
n/ne.
The wave breaking threshold reduces due to thermal eﬀects [124]. The wave
structure however can be maintained even above the wavebreaking threshold if a
constant driver is present.
Then, wave-broken electrons become trapped, which means they no longer take
part in the collective oscillation. They experience the ﬁeld of the plasma wave and
can exchange energy with it.
2.3.4 Laser Driven Plasma Wave
The laser is coupled to the plasma via the ponderomotive force. Because of az = 0,
the 1D Lagrangian L =  
q
1  2z + (z). The Hamilton function of a test electron
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in a cold 1D plasma is given [125, 126]
H(; ) =
@L
@z
 z   L = uz  _   L = (pz   az)  (z   ph) + 1

  ()
= (1  zph)  () (2.77)
The Hamiltonian is conserved @H/@ = @L/@t = 0 for there is no explicit time
dependence in the 1D Lagrangian. Then with ph ! 1 and initial conditions pz(t =
0) = 0, (t = 0) = 1 this yields
   pz = + 1 (2.78)
With equation (2.11) and (2.14b), we have 2 = 1+a2+p2z and into equation (2.78)
we obtain
2 = 1 + a2 + p2z = (+ 1)
2 + 2(+ 1)pz + p
2
z (2.79)
or
pz
(1 + )
=
1
2
"
1 + a2
(1 + )2
  1
#
(2.80)
From equation (8.7), charge conservation for a plasma wave in 1D gives:
e
@ne(z; t)
@t
  @j(z; t)
@z
= 0 (2.81)
Using equations (8.15), this can be transformed into the wave frame
 evph@ne()
@
  @j()
@
= 0 (2.82)
where the plasma wave is non-evolving. Integrating gives enevph + j = en0vph and
for an electron ﬂuid j =  enevz we have:
ne
n0
(vph   vz) = vph (2.83)
Putting this into Poisson's equation (8.1) and using equation (2.78) we obtain
ne
n0
  1 = 1
k2p
@2
@2
=
z
1  z =
pz
(   pz) =
pz
(1 + )
(2.84)
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where ph ! 1 and equation (2.78) was used again. Equations (2.80) and (2.84)
then give a diﬀerential equation for the plasma wave potential  driven by a laser
with arbitrary a
1
k2p
@2
@2
=
1
2
"
1 + a2
(1 + )2
  1
#
  1 (2.85)
Using a Runge-Kutte diﬀerencing scheme, we have numerically integrated this equa-
tion and ﬁgure 2.5 shows solutions for a laser vector potential a = a0e (/c)
2P 
sin(2php), where the wave frame coordinate  is in units of the plasma wave-
length p and the laser frequency is in units of the plasma frequency !p. It is evident
that the shape of the plasma wave ne/n0 depends strongly on the amplitude of the
vector potential a0. Changing the laser envelope (e.g. from gaussian P = 1 to
super-gaussian / top-hat P = 10) or changing the pulse length (as long as it is
kept short c . p) has little inﬂuence on the shape of plasma wave. Although it
is the laser ponderomotive force that couples to the plasma, the fast oscillations of
the laser pulse aﬀect the plasma wave as well. Behind the laser, the plasma wave
density is sinusoidal for small a0 and peaked for high a0.
More detailed studies [120, 127, 128, 129, 130] conﬁrm that the maximum electric
ﬁeld of the plasma wave depends on the pulse intensity, pulse length and somewhat
on the pulse shape. For a low intensity (a0  1) laser pulse that rises from 0 to a0
in the time ¢t = ¢z/c, the momentum gain of the plasma electron is given by the
ponderomotive force (2.2)
F¢t =  mec
2
2
a20
¢z
¢t =  mec
2
a20 (2.86)
This initial momentum perturbation leads to longitudinal oscillations of the form
pz =  mec2 a20 sin!pt. The force responsible for these oscillations stems from the
electric ﬁeld of the plasma wave, i.e.
Ez,max =  1
e
dpz
dt
=
!pmec
e
a20
2
= E0
a20
2
(2.87)
As this is below the wavebreaking threshold Ewb, a linear wave is not broken.
For a circularly polarised gaussian pulse with normalised vector potential a2 =
a20 exp( 2/L2), where L is the pulse length, the amplitude of the electric ﬁeld in
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Figure 2.5: Density proﬁle of 1D cold plasma waves driven by a laser for diﬀerent
magnitudes of the normalised vector potential, pulse lengths and shapes.
66 CHAPTER 2. THEORETICAL BACKGROUND
the plasma wave can be calculated analytically and yields [128, 115]
Ez,max =
p
(a20/2)kpL exp( k2pL2/4)E0 (2.88)
for a20  1. This has a maximum when kpL =
p
2 or L ' 0:23p. The precise value
of L that maximises the wakeﬁeld amplitude will depend on the shape of the axial
pulse proﬁle.
For a circularly polarised square pulse with arbitrary normalised vector potential
a0, the wakeﬁeld amplitude is maximum when L ' Np/2 [115]
Ez,max = a
2
0(1 + a
2
0)
 1/2E0 (2.89)
Relating the wakeﬁeld Ez and laser intensity proﬁle a20, in particular for a0  1, is no
trivial matter and complicated by the fact that, through non-linear plasma optics,
the laser intensity proﬁle is aﬀected by the plasma which in turn aﬀects the plasma
proﬁle (section 2.2). Because of these eﬀects and further complications discussed in
sections 2.3.5, 2.3.6 and 2.3.7, the dynamics of laser driven plasma waves are best
captured by particle-in-cell simulations.
2.3.5 Trapping
The motion of a test electron in a cold 1D plasma is given by the Hamiltonian (??)
with H(; ) = const along an electron orbit. Solving for p
p() = ph
2
ph (H + ()) ph
q
2ph (H + ())
2   1 (2.90)
() =
q
1 + p()2 (2.91)
Figure 2.6 shows such single electron orbits in a small amplitude plasma wave with
() from equation (2.85), ph = 10 and a gaussian laser pulse with a0 = 0:5 and
c = 0:5p. Two distinctly diﬀerent types of trajectories can be identiﬁed, open
ones, which occur for H > Hs, and closed ones for H < Hs. The boundary between
open and closed, i.e. trapped orbits is given by the separatrix s() for which
Hs = H(ph; min) = 
 1
ph   min.
Figure 2.7 plots several separatrices for diﬀerent values of the plasma wave am-
plitude characterised by the parameter  = (max + 1)ph/(22ph   1), ph = 10,
2.3. LASER WAKEFIELD ACCELERATORS 67
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1 1.5 2 2.5 3 3.5
100
101
102
j /hp
a
Figure 2.6: Single electron orbits in phase space (; ) for an electron in a small
amplitude plasma wave with  from equation (2.85), ph = 10 and a gaussian laser
pulse with a0 = 0:5 and c = 0:5p. The laser is centered at  = 0, Within the
separatrix (blue curve) orbits are closed and a test electrons would be trapped.
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Figure 2.7: The separatrix plotted for diﬀerent values of the plasma wave ampli-
tude characterised by the parameter  = (max+1)ph/(22ph 1), for a plasma wave
with  from equation (2.85), ph = 10, and a gaussian laser pulse with c = 0:5p.
Trapping of wave electrons at  = 0 occurs for  > 1. The phase space corresponds
to the ﬁrst plasma period behind the laser pulse.
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where  was obtained from equation (2.85). There are two interesting things to
note. Firstly, the width of the separatrix increases with  corresponding to an in-
crease in the nonlinear plasma wavelength p ! pN > p. This is a relativistic
eﬀect due to the increased eﬀective electron mass from the longitudinal oscillation.
Secondly, the value min = s( = 0) depends on the amplitude of the plasma wave
. For  = 0:05, the plasma wave is linear and the separatrix is almost symmetric.
To trap a test electron, it would have to be injected with vmin > c(1    2min)1/2 at
 = 0. An increase of plasma wave amplitude  reduces vmin, at  ' 0:08, min = 1
and a test electron at rest at  = 0 would be trapped. This does not mean that
background plasma electrons would be trapped, as they are going backwards with
vph at  = 0.
A further increase of  leads to highly nonlinear plasma waves and an apparent
increase of min. This does not mean that it becomes harder again to trap electrons
at  = 0. Since s is only a function of jvsj, this implies that for  & 0:08, even
a test electron with v =  jvminj moving backward at  = 0 would be trapped.
At  = 1, min = ph at  = 0, which means that electrons with v =  jvphj can be
trapped, which means that even plasma electrons become trapped in the wave. This
is the phenomenon previously termed wave-breaking. Only for a cold 1-D plasma, is
wave-breaking and trapping equivalent, in the sense that broken electrons become
trapped.
In practical terms, if a plasma wave is built up adiabatically, all electrons will be
in coherent oscillatory wave motion, and such will be their orbits in phase space. In
order to trap electrons from their coherent motion, the electric ﬁeld would have to
rise above the wave breaking threshold  > 1, while continuously driving the wave,
to preserve it. Electrons with previously oscillating orbits would ﬁnd themselves on
a trapped orbit in phase space as speciﬁed by the separatrix. Below the threshold
for wavebreaking  < 1, if there are other sources of electrons, e.g. externally
injected electrons or electrons from ionisation [37, 38], they can occupy a trapped
orbit if they are born with correct initial conditions. The process of self-trapping is
extremely important for LWFA because it eliminates the need for external sources
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of electrons5.
2.3.6 Multidimensional Plasma Waves
The dynamics of non-planar or multi-dimensional plasma waves are more involved.
In the linear regime, i.e. for weak laser pulses a0  1, 3-D wakeﬁeld generation
can be studied using a cold ﬂuid model. The treatment is analytically feasible
because the transverse dimensions decouple from the propagation direction of the
laser. The solution is that of the 1-D linear regime with the transverse dimensions
being modulated by the laser. In the intermediate, weakly non-linear regime a0 & 1,
trajectory crossing is the fundamental problem, that prevents a treatment with a
cold ﬂuid model.
For 1D scenarios with non-planar symmetry, such as cylindrical and spherical
oscillations, the oscillation frequency is a function of initial displacement from the
centre, which can lead to trajectory crossing even for small laser amplitudes [131].
Furthermore, relativistic eﬀects in a 2-D scenario can lead to trajectory cross-
ing. As discussed before, the plasma wave is increased in the presence of the laser
pN / pEmax/E0 / pa0 for a20  1. In particular, the plasma wavelength pN at
the peak of the laser intensity, which is typically on axis, will be longer than the
plasma wavelength pN ! p in the wings of the laser pulse. This will distort the
wavefront of the plasma wave and give it a characteristic horseshoe structure, when
observed in 2-D. Analytic treatment shows that this can lead to trajectory crossing
and transverse wave-breaking below the cold 1-D threshold for wave-breaking [132].
Lastly, multi-dimensional analytical treatments are complicated by the fact that
the oscillation is no longer purely electrostatic but rather electromagnetic, in par-
ticular as magnetic ﬁelds from sheath currents start to carry a signiﬁcant fraction
of the wave's energy [121].
5Various problems are associated with external injection schemes.
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Figure 2.8: Schematic of a laser driven bubble. The ponderomotive force of the
laser pushes electrons outwards, setting up small oscillations for electrons far away
from the axis, and increasingly nonlinear oscillations for electrons close to the axis.
In the blow-out case, all electron trajectories cross in a thin spherical sheath hugging
the laser. Some electrons can then be injected after half an oscillation.
2.3.7 The Highly Nonlinear Bubble Regime
In the highly non-linear regime, i.e. for strong laser pulses a0  1, the above dis-
cussed aspects are still relevant, but multi-dimensional analytic treatment becomes
feasible again. Due to the breakdown of the ﬂuid model, the particle picture, i.e.
kinetic equations must be used for laser (or beam) plasma interactions.
Lu et. al. [133, 134] use a multi-species cold ﬂuid model, where within each
species, trajectories do not cross but execute laminar ﬂow. This way, an equation
of motion for the transverse momentum for each lagrangian ﬂuid particle can be
derived
dP?
d
=
1
1  vz
"
  (E? + (v B?))  1

r? jaj
2
2
#
(2.92)
for a laser or beam driven plasma.
A schematic of the bubble regime (for a laser driver) is shown in ﬁgure 2.8. It
turns out that the deﬂection of the electrons is mostly transverse. It is possible
to calculate the maximum transverse deﬂection of an electron as a function of the
initial (transverse) position it starts with rm(r0). Trajectory crossing occurs when
rm(r0) changes from a monotonically increasing function to a function with a local
maximum and minimum, as illustrated in ﬁgure 2.9. The blowout radius is deﬁned as
rb = rm(r0m) where r0m is the maximum initial deﬂection that experiences crossing.
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Figure 2.9: Maximum transverse deﬂection rm(r0) of an electron as a function of
the initial transverse position r0. The blowout radius is deﬁned as rm(r0m) where
r0m is the maximal initial transverse position r0 that experiences crossing.
If rm(r0) is monotonically decreasing for 0  r0  r0m, then all electrons with an
initial deﬂection r0 < r0m will cross the blowout trajectory and complete blowout
or cavitation will be reached. If the driver meets certain criteria, a narrow sheath
can be formed at the blowout radius, within which all trajectories cross. The cavity
can take the shape of a bubble, with electrons performing semi-circular trajectories
[133, 134]
rb
d2rb
d2
+ 2
"
drb
d
#2
+ 1 = 0 (2.93)
which, except for the factor of two, is an equation for a circle and  = ct   z. The
electric ﬁeld in the bubble is
Ez() '
"
1
2
+
1
2
(rm) +
1
4
rm
d(rm)
drb
#
rm
d2rb(m)
d2
(   m) (2.94)
where () characterises the sheath. If the sheath is suﬃciently thin, and in the
bubble regime (rm  1, (rm) 1, (rm)r2m  1) the electric ﬁeld increases almost
linearly dEz/d '  1/2. In the blowout regime, the plasma density can be roughly
divided into three distinct regions: a cavitated ion channel, a narrow spherical
plasma electron sheath and a linear response region where the perturbation of the
plasma is very weak as shown in ﬁgure 2.8.
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2.3.8 Matched Conditions
In case of a laser driver, for stable self-guiding with little variations in the pulse
proﬁle to occur, the spot size and intensity must be appropriately chosen. A re-
quirement for matched propagation is that the transverse ponderomotive force must
be balanced by the the force of the ion channel, as indicated in ﬁgure 2.8, which
yields [121]
kpw0m = kpR ' 2pa0 (2.95)
where w0m is the matched laser spot size (1/e2 intensity) and R is the blowout radius
rm(r0m = 0). This equation holds for a0 & 2. With the requirement for self-focusing
(equation (2.67))
P
Pcrit
=
k2pw
2
0
32/a20
(2.96)
this gives
a0 ' 2

P
Pcrit
1/3
(2.97)
Furthermore, for the cavity to take the shape of a bubble, the laser driver needs
to have a0 > 4. For self-trapping to occur, the normalised bubble radius kpR =
2
p
a0 ' 4  5, which means a0 ' 4  6 [121].
This means, to be in the self-guided bubble regime, P/Pcrit  8. If one has a
certain power P and wants to operate at a certain density given by Pcrit / ncrit/ne,
equation (2.97) deﬁnes the vector potential a0 and equation (2.95) the spot size one
has to focus the beam to. The ideal pulse length then is c = 4pa0/(3kp) as we will
see from the considerations in section 2.3.9.
2.3.9 Limits on Energy Gain
Trapped electrons can be accelerated to high energies. The maximum energy gain
is limited by a number of factors.
Dephasing Length (Linear 1D) Trapped, electrons remain in the accelerating
phase of the plasma wave because the velocity of relativistic electrons and the wake
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phase velocity are both approximately the speed of light c. The phase velocity of
a 1D plasma wave is given by the group velocity of the driver laser. The 1D linear
dephasing length can then be deﬁned over the time it takes the electron, taken to
travel at c, to travel p/2 in the wave frame and outrun the accelerating phase of
the wave:
td =
p/2
c  vph =
p
2
2!2
c!2p
(2.98)
Then the 1D linear dephasing length in the laboratory frame is then given by
Llind = c  td = p
!2
!2p
= p
!2L
!2p
/ n 3/2e (2.99)
Depletion Length (Linear 1D) The number of photons in the laser pulse is
conserved, and the pulse loses energy to the plasma wave through photon deceler-
ation (red-shift). The wakeﬁeld amplitude grows due to photon deceleration, pulse
compression and self-focusing. The wakeﬁeld amplitude can obviously not grow in-
deﬁnitely, and an upper limit to the interaction distance is given by the distance
the laser has to propagate to fully deplete, i.e. the length the plasma wave can have
until it has used up all available energy in the laser pulse. Taking Ez = a20!p (see
equation (2.89) for a 1D linear plasma wave a0  1), EL = a0!L, a laser pulse of
length c and a cross sectional area of A for both laser pulse and plasma wave, we
can equate the energy stored in the laser pulse and plasma wave
1
2
0E
2
LcA =
1
4
0E
2
zLDA (2.100)
and solve for the 1D linear depletion length
Llinpd =
!2L
!2p
2c
a20
=
Llind
a20
(2.101)
where we have assumed a pulse of length c = p/2 for the last equation. This
derivation is only true for a0 < 1 and shows that the depletion length is longer
than the dephasing length. This bears disadvantages: the laser energy is not used
eﬃciently and the plasma lengths has to be chosen to terminate the interaction
after a dephasing length or otherwise electrons would be decelerated after they have
reached their maximum energy.
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Depletion Length (Nonlinear 3D) An alternative picture suggest that laser
pulse depletion is restricted to the front of the pulse, where it is manifested in an
etching velocity. An expression for the etching speed vetch ' c!2p/!2L for the nonlinear
1D case is given in [135]. Numerical modeling has shown that this is also a good
estimate for the bubble regime [121]. The time it takes for the pulse to be etched
away is c/vetch. The depletion length in the non-linear bubble regime becomes
Lbubpd =
!2L
!2p
c (2.102)
Dephasing Length (Nonlinear 3D) As the front of the pulse moves backwards
due to the etching, the phase velocity of the plasma wave is the group velocity of
the laser, reduced by the etching speed v' = vg   vetch. For underdense plasmas
!2p  !2L and v' ' c
h
1  3!2p/(2!2L)
i
. We then obtain for the dephasing length in
the bubble regime [121]
Lbubd '
c
c  v'R '
2
3
!2L
!2p
R T !
2
L
!2p
c = Lbubpd (2.103)
This is the length over which the electrons with velocity c travel a distance equal
to the bubble radius further than the wake structure. To make best use of the laser
energy c = 2R/3 = 4pa0/(3kp). Then, Lbubpd and Lbubd /
p
a0 n
 3/2
e .
Guiding Length The length over which the laser can be guided in a plasma
will impose an upper limit on the length over which electrons can be accelerated. A
gaussian laser pulse stays roughly in focus for a distance of zR = w20/L (cf. section
2.2.3). As the beam radius w(z) increases according to equation (2.64), the intensity
drops and so does the amplitude of the wakeﬁeld driven by the laser. Without
a mechanism to overcome diﬀraction, the acceleration length would therefore be
limited to the diﬀraction length:
Ldif = zR =
w20
L
(2.104)
In the linear regime, when the laser spot size w0 ' p is matched to the plasma
wavelength, w20 / n 1e . In the bubble regime, when the laser spot size w0 ' 2
p
a/kp
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is matched to the bubble radius, w20 / a0n 1e . Therefore:
Llind
Ldif
/ n 1/2e (2.105)
Lbubd
Ldif
/ a 1/20 n 1/2e (2.106)
This means, that the diﬀraction length is normally shorter than the dephasing length
and will be even more so for decreasing plasma density, both in the linear and
bubble regime. Diﬀraction can be overcome by using an externally imposed optical
guide [136] or simply by using the mechanisms of relativistic and ponderomotive
self-focusing discussed in section 2.2.3, if P  Pcrit6.
Energy Gain (1D linear) The maximum energy gain for electrons in a LWFA
is given by
Wmax =  e
LdZ
0
Ez(z)dz (2.107)
where Ez(z) is the electric ﬁeld of the plasma wave the electron experiences at
the distance z from the point of injection. We have assumed that the problems of
diﬀraction and depletion have been overcome so that the acceleration distance is
limited by the more fundamental problem of dephasing.
For a 1D linear plasma wave, the accelerating ﬁeld Ez given in equation (2.87)
is sinusoidal and on average ¹Ez =  !pmec
e
a20
4
. When multiplied by the 1D linear
dephasing length Llind , the resulting expression for the energy gain is
W linmax =

2
mec
2a20
nc
ne
(2.108)
which shows that the energy gain increases with increasing laser intensity and de-
creasing plasma density / n 1e .
Energy Gain (3D nonlinear) The accelerating ﬁeld is linear (cf. section 2.3.7)
and for a laser driver has an average value of ¹Ez =  !pmece
p
a0/2 [121]. When
multiplied by the 3D non-linear dephasing length Lbubd , the resulting expression for
6In case of an external optical guide, the power condition is somewhat relaxed to P & Pcrit.
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the energy gain is
W bubmax =
2
3
mec
2a0
nc
ne
(2.109)
If we assume, that even for w0 6= w0m, the pulse will evolve to the matched size,
one may replace a0 in equation (2.109) with the matched vector potential a0m '
2

P
Pcrit
1/3
from equation (2.97):
W bubmax =
4
3
mec
2

P
Pcrit
1/3 nc
ne
(2.110)
The electron energy gain in the bubble regime thus scales as n 2/3e .
2.4 Direct Laser Accelerator
The analysis in section 2.1.2 shows that an electron can acquire signiﬁcant energy
inside a plane electromagnetic wave, however, due to the constants of motion, the
acceleration is virtual, and the electron falls back to its initial energy and momentum
once the laser has passed. This phenomenon, with some generalisation, is called
the Lawson-Woodward (LW) theorem [137] and, as a consequence, it is commonly
thought to be impossible for a laser pulse to accelerate electrons directly. However,
for the LW theorem to be valid, it has to be assumed that
1. the laser ﬁelds are in vacuum with no walls or boundaries present,
2. the electron is highly relativistic (v ' c) during the acceleration,
3. no static electric or magnetic ﬁelds are present,
4. the region of the interaction is inﬁnite, and
5. ponderomotive eﬀects (ﬁnite size of the laser pulse) are neglected.
Several schemes have been studied where one or more of these assumptions is not
valid. Finite energy gain is possible, by introducing a background gas, as in the
inverse Cherenkov accelerator [138], or by introducing a periodic magnetic ﬁeld, as
in the inverse free-electron laser (IFEL) [139]. Esarey et al. suggest two crossed laser
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beams or a higher order gaussian mode to realise an eﬀective axial and therefore
accelerating potential for net energy gain [137]. In this work, it was also suggested
to implement a vacuum beat wave accelerator (VBWA), where two laser beams of
diﬀerent frequencies are co-propagating in the presence of an injected electron beam.
This acceleration mechanism is similar to the IFEL, with one laser pulse taking the
role of the wiggler.
The mechanism of direct laser acceleration (DLA), however, that is most relevant
for this work, is mediated by self-generated electric ﬁelds due to ponderomotive
expulsion in the plasma channel or bubble and self-generated magnetic ﬁelds due to
the injected electron bunch.
2.4.1 Betatron Resonance
A radial electrostatic ﬁeld can lead to transverse betatron oscillations of electron,
as discussed in section 2.1.3. Likewise, the self-generated azimuthal magnetic ﬁeld
of the stream of accelerating electrons in the channel will have a focusing eﬀect
on electrons traveling in the laser direction. In the presence of a laser ﬁeld, as
discussed in section 2.1.5, the transverse dynamics are governed by an anharmonic
oscillator equation driven by the laser. Resonant energy transfer between laser ﬁeld
and transverse electron dynamics occurs when the laser frequency, as witnessed by
the electron is close or equal to its betatron frequency.
!0 = !L
 
1  vz
vph
!
= ! (2.111)
This means the electron is overtaken by the laser by one laser period every os-
cillation. The best acceleration is achieved when the betatron oscillation and the
laser electric ﬁeld are phased such that (a) the electron reaches its turning point at
the channel boundary when the laser electric ﬁeld vanishes and (b) is accelerated in
between. Hence the px  pz phase space will be parabolic around px = 0 and pz will
be increased incrementally at maximum px, as shown in ﬁgure 2.10.
When electrons are accelerated beyond resonance, they would start to decelerate
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Figure 2.10: (a) x  z and px  pz phase space of electron that is accelerated with
the DLA mechanism.
again. With the phase velocity of the laser (equation (2.72))
vph
c
=
 
1  !
2
p
hi!2L
! 1/2
' 1 + 1
2hi
!2p
!2L
(2.112)
where  is the Lorentz factor associated with the background electrons which aﬀect
the laser propagation. For a relativistic electron vz ! c in an underdense plasma
the resonance occurs when
! '
 
1  c
vph
!
' 1 
 
1 +
1
2hi
!2p
!2L
! 1
' 1
2hi
ne
nc
(2.113)
for large  and small ne. For harmonic potentials we have seen in section 2.1.5, that
!2 =
r  F
eme
(2.114)
where F is the focusing force in the channel due to a combination of magnetic
and electric ﬁelds. For a plane wave of linearly polarised light hi = 1 + a20/4 and
therefore equations (2.113) and (2.114) yield
e ' 4n
2
c
n2e
 
1 +
a20
2
+
a40
16
! r  F
me
(2.115)
This means for a0  1 the electron energy at resonance increases with laser intensity
faster than the dephasing energy in the wakeﬁeld (equation 2.108, 2.109). It also
decreases with plasma density and increases with the focusing force F , as this in-
creases the betatron frequency. Due to the relativistic modiﬁcation of the betatron
frequency, the electron will eventually move oﬀ resonance, limiting the energy gain.
This acceleration mechanism was ﬁrst observed experimentally by Gahn et al. [140],
measuring electrons up to 12 MeV in a quasi-thermal distribution with an eﬀective
temperature of Teﬀ = 5 MeV and, since then, by Mangles et al. [141].
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Figure 2.11: Schematic illustrating the B-loop mechanism of DLA.
Numerical studies were carried out by Pukhov et al. and Tsakiris et al. [142, 143].
They ﬁnd that, for relatively long laser pulses   1/!p, high plasma densities ne
and normalised vector potentials a0, electrons can gain many times the ponderomo-
tive energy despite an absence of plasma waves. The electron energy distribution of
the hot electrons is Boltzmann-like, with an eﬀective temperature that scales with
laser intensity as Teﬀ / I1/2 but also depends on channel length.
For linearly polarised lasers, the electrons are found to be bunched at half the
laser wavelength L. The potential rF in the plasma channel is always restoring
and the resonance condition can be satisﬁed for electrons that are separated by ,
i.e. L/2. This compares to micro-bunching at just the radiation wavelength R, in
case of an FEL with a static wiggler, which is only focusing once per laser cycle at
resonance.
2.4.2 B-Loop Mechanism
An electron quivering inside a ﬁnite relativistically intense laser pulse will be scat-
tered in the transverse direction due to the ponderomotive force and gain an energy
of the order of the ponderomotive energy. In the presence of a focusing azimuthal
magnetic ﬁeld, the scattered electron can make a loop to be re-injected into the
laser as illustrated in ﬁgure 2.11. If the injection phase is correct, the electron can
gain net energy in the ponderomotive potential, undergoing successive loops. The
transverse momentum gain is eﬀectively turned into longitudinal momentum via a
v B mechanism. The magnetic ﬁeld must have focusing polarity, i.e. its orienta-
tion has to be counter-clockwise when looking along the laser propagation direction.
The self-generated magnetic ﬁeld of the accelerating electrons in the channel is suit-
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able for this B-ﬁeld assisted particle acceleration by a laser pulse, termed B-loop
mechanism by Pukhov et al. [144].
They ﬁnd, through numerical studies, a threshold for acceleration of background
plasma electrons that roughly coincides with laser pulse guiding under these condi-
tions. The B-loop mechanism dominates when the (self-modulated) wakeﬁeld cannot
grow, at densities near nc. For P > 6Pcrit, a region behind the head of the laser is
absent of a plasma wave, yet electrons are accelerated to many times the pondero-
motive energy. The B-loop mechanism is responsible and the characteristic electron
energy gain scales as Wmax = ¤a0phmec2 where ¤ is of order unity. To turn around
an escaping electron, the magnetic ﬁeld B needs to be strong enough and have a
suﬃciently large radial extend rB
BrB >
a20
2
B0L (2.116)
where B0 = 107 MG for L = 1 m.
2.4.3 Stochastic Acceleration
The B-loop mechanism relies on electrons receiving multiple ponderomotive kicks
between each of which, the electron is dephased for net energy gain. Meyer-ter-
Vehn and Sheng [145] showed that perturbations (friction) and stochastic eﬀects
(random changes to p?) can lead to eﬃcient forward energy gain from a laser ﬁeld.
They ﬁnd that the highest electron energies and eﬀective temperatures Teﬀ scale as
/ a0 /
p
I0. Possible causes for stochasticity are ﬂuctuating electromagnetic ﬁelds
generated in these often turbulent plasmas, which dephase the periodic electron
momentum with respect to the laser ﬁeld. Likewise, dephasing of the laser ﬁeld
with respect to the periodic electron momentum will allow the electron to retain
some of the energy that it would otherwise lose in the second half cycle of the laser.
For a laser propagating in a deep plasma channel, it is possible that higher order
laser modes other than the TEM00 mode are excited. Each of these modes can have
a diﬀerent phase velocity which makes it impossible for the electron momentum to
stay in phase with the laser ﬁeld and consequently allows for net energy gain.
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Figure 2.12: Illustration of the diﬀerence between betatron radiation in the wiggler
(a) and undulator (b) regime.
2.5 Betatron Radiation
Though conventionally simple, the detailed computation of the radiation generated
by a particle in arbitrary acceleration is mathematically non-trivial. Motions for
which the radiation pattern has been analyzed analytically are periodic orbits as
found for electrons in synchrotrons [113] [146], insertion devices [113] [146], plasma
channels [147] and laser ﬁelds [148] [149] [150] [151] [152]. As we have seen in
section 2.1, the trajectory of an electron in a plasma channel is identical to that
one in an insertion device, if the betatron strength parameter a is replaced by the
undulator / wiggler parameter K. Therefore the resulting radiation characteristics
are equivalent too. Upon insertion of the betatron particle trajectory (2.25) (2.26)
(2.28) and (2.29) into into the general expression for the energy spectrum of an
accelerating charge (8.21) one obtains the characteristics of the betatron radiation.
A detailed derivation is given in [147].
2.5.1 Essential Characteristics of Synchrotron Radiation
We shall collate the most important ﬁndings of the derivation in [147].Figure 2.12
illustrates the following arguments. Electrons that oscillate in the channel or bubble
whilst traversing it, will radiate most at the points of their orbit where they are
accelerated most. This will be at the turning points of the trajectory. Since we are
only really interested in relativistic electrons (z0  1), the radiation will always be
conﬁned to a narrow cone with opening angle 1/z0 [113], and the cone will always
be directed along the tangent to the orbit. Depending on the details of the electron
trajectory, the betatron radiation can be broadly categorised into two regimes. If
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the angle , which is the angle at which the orbit crosses the axis of the plasma
channel or bubble, is larger than the opening angle of the cone 1/z0, the radiation
will appear like a search-light beam that ﬂicks on and oﬀ when one observes it from
a distant point on the axis. In that case, simple Fourier arguments immediately
tell us, that the spectrum of the radiation should be broad, consisting of many
harmonics. On the other hand, if the cone angle of the radiation lobe 1/z0 is larger
than , the radiation will always be visible from a distant point on the axis, and a
narrow spectrum consisting of a single harmonic (or fundamental) can be observed.
What determines which regime applies is not simply the oscillation amplitude
r, as ﬁgure 2.12 might suggest, but rather the product of oscillation amplitude
r, electron energy z0 and betatron frequency ! = !pp2z0 . For this purpose the
betatron strength parameter is deﬁned a := rz0k (see equation (2.48)). If a 
1, the regime is called wiggler and if a  it is called undulator.
The general expression for the angularly and spectrally resolved radiated inten-
sity is complicated [147]
d2I
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=
1X
n=1
e2k2
1630c3
 
sin ¹kL/2
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
h
C2x cos2  cos2 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(2.117)
where  and  deﬁne the observation direction, Cx;z are sums over Bessel functions,
¹k = 0k   nk and 0 = 1  z0(1  k2r2/4) cos .
Most relevant for the work discussed in this thesis is the wiggler regime, and
more speciﬁcally, a simpliﬁcation of it, referred to as the synchrotron asymptotic
limit (SAL). It applies for large harmonic numbers n  1, observation at small
angles   1 from the axis and large betatron strength parameters a  1. Then
it turns out that the radiation consists of ﬁnely spaced harmonics extending up to
a critical harmonic number:
nc '
3a2
4
(2.118)
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The harmonic frequency is given by
!n ' nM0!
1 +M20 
2/2
(2.119)
where
M0 = 2
2
z0/(1 + a
2
/2) (2.120)
is the relativistic Doppler upshift factor. Fundamental frequency !1 and upshift M0
depend on the observation angle  meaning that the angular and spectral intensity
distributions are interdependent. The deﬁnition of the critical harmonic number
involves an argument about the angle  above which the contributed radiation at
any frequency is negligible. In deﬁning nc, the assumption  ' 0 is used and we use
it again to deﬁne the critical frequency or energy,1
Ecrit = ~!c = ~ncM0! ' 3~2z0! (2.121)
Approximately half of the energy is radiated above and below Ec/2. The spectrally
resolved distribution of the radiated energy for observations on axis ( = 0) can be
obtained [147]:
d2I
d!d­
= N
3e2
230c
2z0
!2
!2c
K22/3(!/!c) (2.122)
The angularly integrated energy distribution becomes [147]:
dI
d!
'
p
3
e2
0c
Nz0| {z }
!
!c
1Z
2!/!c
dK5/3() (2.123)
= C
where  = !/!c. Figure 2.13 shows a plot of dI/d! as a function of !/!c. The
peak intensity occurs at around !c/4 and is of value  0:9C. The total radiated
energy is  0:4C !c and scales with 3z0 per oscillation.The total radiated energy
1One may ﬁnd another common deﬁnition of the critical energy E0c = Ec/2 due to an altered
deﬁnition of nc. The deﬁnition used in this thesis follows E. Esarey et. al. [147] and early editions
of J. D. Jackson [153] whereas the alternative deﬁnition follows J. S. Schwinger's original deﬁnition
and newer editions of J. D. Jackson [113].
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from electrons in betatron motion with a  1, n 1.
per solid angle per oscillation scales with 5z0 due to beam narrowing for higher z0.
For harmonics n nc the radiated energy increases as (!/!c)2/3 and for harmonics
n  nc the radiated energy decreases as exp( 2!/!c). The angular divergence of
the radiation beam scales as [147]
£ ' a/z0 (2.124)
For typical Vulcan Petawatt parameters, as we shall see in chapter 4, ne = 1:6 
1019 cm 3, z = 100 and r = 20 m, we obtain a = 106, Ecrit = ~!c = 33 keV and
 = 118 m and are in a very strong wiggler regime (a  1).
For typical Michigan Hercules parameters, as we shall see in chapter 6, ne =
0:8 1019 cm 3, z = 400 and r = 2 m, we obtain a = 15, Ecrit = ~!c = 27 keV
and  = 334 m and are in a much weaker wiggler regime (a > 1).
Even if a is not much larger than 1, the synchrotron spectrum will still be a
good approximation as any discrete harmonics will be broadened due to variations
in the parameter a, arising from the particular electron distribution of the laser
plasma interaction.
2.5.2 Radiated Power
The relativistically generalised Larmor formula is given by [113]
Ps =
e2
60c
2
24 du
dt
!2
 
 
d
dt
!235 (2.125)
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Then, with the betatron electron orbit (2.25) and (2.26) we can calculate the power
radiated by a single electron, undergoing betatron oscillations, where we have as-
sumed d/dt = 0 [147]:
Ps =
e2c
60
4z0k
4
r
2
 sin2(kct) (2.126)
Averaged over one betatron period we obtain
¹Ps =
e2c
120
2z0k
2
a
2
 (2.127)
The total energy is yielded by multiplying by the interaction time N/c
Ws =
e2
60
2z0ka
2
N (2.128)
The average number of photons radiated hNsi with an energy ~h!i = ~
hniM0! = 2hni~2z0!/(1 + a2)/2 can then be calculated
hNsi = 
3
fa
2
N(1 + a
2
/2)/hni (2.129)
Here, M0 is the Doppler factor from equation (2.120). In the limit a  1 we can
use hni ' nc = 3a3/4, since there are equal amounts of energy radiated above and
below nc/2, and therefore Ns ' 2faN.
2.5.3 Radiation From A Beam
time constant z = z0: The resonance frequency of a single electron depends on
a = z0kr as given in (2.119) with (2.120). If a monoenergetic electron beam with
ﬁnite radius is injected into a plasma channel, it will have diﬀerent (initial) betatron
amplitudes r and hence diﬀerent resonance frequencies. This will greatly alter the
spectrum, especially in the limit a & 1, i.e. the transition from undulator to wiggler
behaviour where a series of harmonics appears in addition to the fundamental !1.
The fact that the resonant frequency of electrons in betatron oscillation is a strong
function of the amplitude is an important diﬀerence to magnetic undulators where
the strength parameter Ku =
eB0
k0e2me
is the same for all electrons. All electrons
experience the same magnetic ﬁeld B0. Since the magnetic ﬁeld of an undulator
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is planar, all electrons wiggle in the same plane and the radiation emitted by all
electrons will have similar polarisation.
The plasma wiggler in contrast allows oscillation in arbitrary planes or even cir-
cular or elliptical trajectories in the (x; y) plane depending on the initial conditions
of the injected electron [96]. This imposes severe limits on the realization of an ion
channel laser (ICL) [103], which is the equivalent to an FEL in a plasma. Both the
ICL or FEL mechanism relies on stimulated ampliﬁcation of spontaneous emission
that would occur under special conditions, particularly high electron beam qual-
ity. The incoherent synchrotron radiation is ampliﬁed due to an electromagnetic
instability with peak growth rate near the betatron/ undulator frequency [154]. To
amplify radiation of a given frequency, only those beam electrons with the proper
z0 and r will be in resonance with the radiation and only a subset of these will
have the right polarisation. This is in contrast to the FEL where all electrons in
a monoenergetic beam would be resonant with the radiation ﬁeld with the proper
polarisation.
time varying z = z(t): Last but not least we must emphasise that all treatment
of the betatron radiation has assumed the electron energy z0 to stay constant
throughout the radiation process. However, in a realistic laser plasma interaction,
various mechanisms of electron acceleration will make z(t) a function of time. It
is however unpractical to endeavor an analytical derivation of the characteristics of
betatron radiation for accelerating electrons. The derivations associated with the
simpliﬁcation z(t) = z0 are already considerably complicated. The radiation in
the case of z = z(t) has been calculated numerically [155, 92]. However, since the
radiation is dominated by where z is greatest (at the end of the acceleration), the
approximation of constant z = z0 in the SAL is suggested. We will indeed show
that the SAL has a signiﬁcant predictive power for the experimentally measured
radiation, despite its simpliﬁcations.
Chapter 3
Experimental Methods
This chapter will introduce the high power laser facilities, diagnostics, targets and
experimental conﬁgurations relevant to this work.
3.1 High Power Laser Systems
For this work, the laser systems of the Central Laser Facility (CLF) at the Ruther-
ford Appleton Laboratory in the UK and the Center for Ultrafast Optical Science
(CUOS) at the University of Michigan in the US were used. The CLF hosts two high
power laser systems, Vulcan, a Nd:Glass laser with central wavelength 1.05 m,
and Astra, a Ti:Sapphire laser with central wavelength 800 nm. For Vulcan, the
three target areas petawatt (TAP), West (TAW) and East (TAE) exist, of which
TAE is presently being decommissioned. Vulcan delivers a short Petawatt pulse
(400 J in 400 fs) and a long pulse (200 J in 1 ns) into TAP, and two short pulse
beams (100 J in < 1 ps, 500 J in 10 ps) and six long pulse beams (200 J in 1 ns)
into TAW. For Astra, three experimental target areas TA1, TA2 and TA3 exist:
TA1 has been upgraded to host Astra Artemis, a high repetition rate, few optical
cycles tunable laser source that operates independently from Astra; TA2 receives
the original Astra 20 TW beam (600 mJ in 30 fs), and TA3 receives the two Astra
Gemini 500 TW beams (15 J in 30 fs) from the recent upgrade to the Astra laser.
CUOS hosts several high power laser systems, most importantly the Hercules
laser, a 300 TW (9 J, 30 fs) Ti:Sapphire laser which delivers into two target areas
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dedicated for studies with underdense and overdense plasmas, respectively.
For this work, we have used the Petawatt beam in TAP, operating at up to
650 TW, the short pulse beam in TAW, operating at up to 100 TW, the Astra
Gemini beam at up to 200 TW and the Hercules laser, operating at up to 65 TW.
3.1.1 Bandwidth Limit and Chirped Pulse Ampliﬁcation
In the mid 1980s it turned out to be a challenge to amplify short pulse laser beams
to focused intensities of more than 1015 W/cm2. This was due to the fact that
even unfocused lasers started to damage the gain material and beam optics while
being ampliﬁed. This problem could only be circumvented by increasing the beam
diameter to lower the beam intensity, but optics for large beam radii are costly.
The product of the temporal duration of a laser pulse  (e.g. the full width at
half maximum (FWHM) of the temporal intensity I(t)) and the bandwidth of the
laser pulse ¢ (e.g. the FWHM of the spectral intensity I()) is called the time-
bandwidth product and is a constant1 [117]. A spectral width ¢ ' 13 THz for
example is necessary to obtain a pulse duration of  ' 35 fs (Astra and Hercules
laser). To safely amplify short laser pulses without exceeding the damage threshold
of materials, Strickland and Mourou [12] [156] suggested amplifying each frequency
serially, rather than in parallel, i.e. at the same time. This is achieved by sending
the pulse through a stretcher, which introduces diﬀerent (optical) path lengths for
diﬀerent wavelengths. The stretched pulse is often called chirped and can be safely
ampliﬁed by many orders of magnitude before a compressor reverses the frequency
dependent delay of the spectral components again (ﬁgure 3.1). All high power lasers
discussed here use a grating compressor, as reﬂective optics can have much higher
damage thresholds than transmissive optics.
3.1.2 Ultrashort Pulse Generation by Mode Locking
To produce the seed to be ampliﬁed in the CPA scheme, a laser (LightAmpliﬁcation
by Stimulated Emission of Radiation) source is used. A laser uses a transversely
1for an ideal pulse without chirp.
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Figure 3.1: Basic recipe for chirped pulse ampliﬁcation.
open cavity of certain length l with mirrors on either end that supports stimulated
ampliﬁcation of spontaneously emitted electromagnetic modes separated by the axial
mode spacing ¢ax [117] in a gain medium2:
¢ax = q 1   q = c
2nl
=
1
TRT
(3.1)
Here, q is an integer, n is the refractive index of the cavity, c the speed of light
and TRT is the round trip time of a pulse inside the cavity of length l. Only such
modes that fall within the bandwidth of the gain medium above the threshold for
lasing can be ampliﬁed. With a mode spacing of ¢ax = 0:15 GHz for a cavity of
l = 1 m, as many as Nm = 5:7 105 modes can be ampliﬁed in Titanium sapphire
(Ti:Sapph), which has a gain bandwidth of ¢a = 86 THz.
E(t) =
X
Nm
= Em  exp [i (!L   2m¢ax) t+ m] (3.2)
The cavity is populated by a sum of Nm standing waves of amplitude Em, frequency
!L  2m¢ax and phase m. The laser output is given by a small fraction of E(t),
which leaks through the output coupler of the cavity. To obtain a pulse train of
high contrast, the phase of the various modes need to be locked. To mode-lock a
helium-neon (He-Ne) laser, a fast active shutter can be used [157].
Depending on the values of Em and m, the laser output intensity as function of
time may change substantially, as indicated in ﬁgure 3.2.
To obtain the shortest pulses (e.g. from Ti:Sapph), passive mode-locking via
optical Kerr lensing is used [158]. The nonlinear refractive index of the Kerr medium
inside the resonator causes intracavity beams to be focused. An aperture after
the Kerr medium transfers this intensity dependent beam size modulation into a
2The gain medium is typically excited by another laser to achieve population inversion and
lasing.
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Figure 3.2: Four gaussian oscillator modes of same amplitude E0 are added up.
The graphs show the oscillator output for diﬀerent phase relations between the four
oscillator modes. (a) m are equal and the laser operates in mode locked output. (b)
m are arbitrary but constant in time and the laser operates in multi mode output.
(c) m(t) are arbitrary and time dependent, the laser operates in continuous wave
output.
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Figure 3.3: Passive mode locking with optical Kerr lensing.
subsequent modulation of the cavity propagation loss as illustrated in ﬁgure 3.3. For
a properly aligned cavity, a smaller loss is achieved for the highly intense circulating
pulse. The competing low intensity CW-modes are attenuated and suppressed.
To achieve yet higher power pulses, an ampli￿r with increased gain bandwidth at
high energy is required and the technique of optical parametric amplication (OPA)
[159] or optical parametric chirped pulse ampliﬁcation (OPCPA) can be used.
3.1.3 Vulcan Laser Facility
Target Area Petawatt In 2002, the existing Vulcan laser was upgraded to
deliver a (400 J in 400 fs) Petawatt beam into a dedicated target area TAP, giving a
peak focused intensity of 1021 Wcm 2 in a 5 m spot [160, 161]. The front end of the
laser consists of a commercial Kerr-lens mode-locked Ti:Sapphire oscillator lasing
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at 1055 nm, delivering pulses of 5 nJ, 120 fs, 15 nm bandwidth, at 80 MHz [162].
The pulses are stretched to 2.4 ns and pre-ampliﬁed in three single-pass OPCPA
stages, with BBO crystals pumped by a Q-switched Nd:YAG, producing a gain of
103, 103 and 102. Next, the pulse is further stretched to 4.8 ns and ampliﬁed in
rod and disk silicate and phosphate glass pumped by ﬂash lamps. The mix of gain
material is used to maximise the bandwidth to achieve minimal pulse length after
compression. In detail, the ampliﬁers are a 9 mm single pass silicate rod, a double
pass 16 mm silicate rod, a single pass 25 mm and 45 mm phosphate rod, a double
pass 108 mm phosphate disc and three Nova3 208 mm discs, providing a maximum of
670 J of uncompressed laser energy. In between stages and the compressor, vacuum
spatial ﬁlters ensure good laser mode quality and expand the beam successively, to
a ﬁnal diameter of d = 600 mm. The Nova disc ampliﬁer has gain isolation to avoid
back-reﬂection from the discs to be ampliﬁed and back-propagated into the laser.
The single pass compressor is a vacuum vessel that contains a pair of gold coated
holographic gratings (904 mm diameter, 1480 lines / mm, 13 m separation) which
were produced by Lawrence Livermore National Laboratory and compress the beam
to a minimum of 400 fs with a maximum of 400 J of energy. A ﬁrst mirror turns
the beam by 90 through a vacuum gatevalve into the target chamber and provides
a leak for beam diagnostics to determine pulse spectrum and pulse duration. A
120 mm diameter deformable mirror is used to improve the quality of the wavefront
compensating for aberrations from the beam-line optics and thermal gradients in
the ampliﬁers. This reduces the diameter of the focused beam by a factor > 2 near
to its diﬀraction limit [163, 161].
Target Area West In normal conﬁguration, the front end of the laser consists
of a commercial Nd:Glass oscillator, mode-locked with a semiconductor saturable
absorber mirror, lasing at 1053 nm, delivering pulses of 1 nJ, 11 nm bandwidth, 170
fs at 80 MHz. The pulses are stretched and pre-ampliﬁed in a 3-stage double-pass
Nd:Glass ampliﬁer before sent into the standard Vulcan phosphate rod and disc
chain to produce 170 J of uncompressed laser energy. In between stages and the
3Nova was the ﬁrst Petawatt laser and was built at the Lawrence Livermore National Laboratory.
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Figure 3.4: Schematic layout of the Vulcan Petawatt and 100 TW laser.
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compressor, vacuum spatial ﬁlters ensure good laser mode quality and expand the
beam successively, to a ﬁnal diameter of d = 150 mm. The single pass compressor
is a vacuum vessel that contains a pair of gold coated holographic gratings (904
mm diameter, 1740 lines / mm, 3:5 m separation) which compress the beam to a
minimum of 1 ps with a maximum of 100 J of energy.
For the experiment described in this thesis, the pulse length was reduced below
1 ps. The Nd:Glass pre-ampliﬁer does not support the necessary bandwidth and
henceforth the Vulcan Petawatt front end was used, including oscillator and OPCPA
pre-ampliﬁer. The pulse was then ampliﬁed in the standard Vulcan phosphate rod
and disc chain to produce 120 J of uncompressed laser energy. The West stretcher
and compressor where used during CPA to yield a minimum pulse duration of 640
fs with a maximum of 70 J of energy.
3.1.4 Astra Gemini Laser Facility
As part of the upgrade to Astra Gemini [164, 165], the old Astra [166] front-end
was changed [167] and a 4th Ti:Sapphire multi-pass ampliﬁer was added [168]. The
front-end now consists of a Femtopower Compact Pro, which is a commercial Kerr-
lens mode-locked Ti:Sapphire oscillator lasing at 800 nm, and 9-pass Ti:Sapphire
pre-ampliﬁer, delivering pulses of 1 mJ, ' 100 fs , > 40 nm bandwidth at 1 kHz.
The reﬂective grating pulse stretcher is adapted to stretch the pulse either in a
single pass to 0.5 ns or in a double pass to 1 ns. Pulses that are stretched in a single
pass can be ampliﬁed in three Nd:YAG pumped Ti:Sapphire multi-pass ampliﬁers
to deliver a maximum of 1.5 J of laser uncompressed laser energy into TA2, where a
vacuum compressor with a pair of gold coated holographic gratings (300100 mm2,
1480 lines / mm) produced by Lawrence Livermore National Laboratory compresses
the beam to a minimum of 40 fs with a maximum of 750 mJ. Passes that are stretched
in a double pass are split equally to be further ampliﬁed in the two new Gemini
Ti:Sapphire 4-pass ampliﬁer arms, pumped by a commercially supplied Nd:Glass
lasers (52 J, 527 nm). The maximum laser energy after ampliﬁcation is 25 J per
beam line, and double-pass compressors with a pair of gold coated holographic
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Figure 3.5: Schematic layout of the Astra laser.
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gratings (320 205 mm, 265 420 mm, 1480 lines / mm) from Jobin Yvon are used
to compress each beam to a minimum of 30 fs with a maximum of 15 J of energy
inside dedicated vacuum vessels [169]. The repetition rate of Astra Gemini laser is
limited by the Nd:Glass pump laser to 0.05 Hz. For the experiments discussed here,
only the South beam line was commissioned and used [165], delivering a maximum
of 11 J of compressed laser energy in a 55 5 fs pulse into the target chamber.
To pre-compensate for the spectral phase errors of the laser pulses that arise
from material dispersion in the laser chain and allow for shortest possible ﬁnal laser
pulse durations, a Dazzler [170] is installed after the stretcher to adjust spectral
amplitude E(!) and phase (!). The relative phase of diﬀerent spectral components
is measured with a Spider [171] and programmed into the Dazzler [172]. This
system and the alignment of the stretcher and compressor was not fully optimised
yet, explaining the discrepancy between the design pulse duration 30 fs and delivered
pulse duration (55 5) fs.
3.1.5 Hercules Laser Facility
The Hercules laser at the Center for Ultrafast Optical Science in Michigan has
recently been upgraded to 300 TW [173]. The front end consists of a commercial
Kerr-lens mode-locked Ti:Sapphire oscillator from Femtolasers, lasing at 800 nm,
delivering pulses of several nJ, < 20 fs, > 40 nm bandwidth, at 75 MHz and a
two-pass pre-ampliﬁer, delivering pulses of several J energy. A pulse cleaner based
on cross-polarised wave generation exists [174] exists, but was not used for the work
in this thesis. Pulses are stretched to 0.5 ns [175] and ampliﬁed in a regenerative
ampliﬁer [174] and a 4-pass Ti:Sapphire ampliﬁer increasing the pulse energy to the
Joule level. The pulses are further ampliﬁed to 20 J in two sequential two-pass
Ti:Sapphire stages pumped by a home made Nd:Glass [176] laser delivering 14 J
in two arms for the ﬁrst two-pass Ti:Sapphire stage and 80 J in four arms for the
second two-pass Ti:Sapphire stage.
The maximum laser energy after ampliﬁcation is 20 J and a double-pass com-
pressor with two pairs of gold coated holographic gratings (420210 mm, 220165
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Figure 3.6: Schematic layout of the Hercules laser.
mm, 1200 lines / mm) from Jobin Yvon is used to compress the pulse to a minimum
of 30 fs with a maximum of 9 J of energy in a 150 mm diameter beam, which is
reduced in diameter with a reﬂective telescope to 100 mm before delivery into the
interaction chamber. The repetition rate of the Hercules laser is limited by the
Nd:Glass pump laser to 0.1 Hz.
3.1.6 Laser Pulse Characterisation
Good knowledge and control of the laser pulse parameters is paramount to better
understand the physics of laser driven electron acceleration and achieve the level of
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control and stability necessary for applications. Amongst these laser parameters are
the pulse energy, temporal and spatial proﬁle. It is diﬃcult to make these measure-
ments (at the interaction point) on every shot, in parallel with the interaction under
investigation. It is therefore preferable to determine the laser beam parameters be-
forehand and assure oneself of good stability over the course of the experiment. It
has been shown experimentally, that nanosecond pulse contrast (through variation
of the ampliﬁed spontaneous emission) can severely impact electron beam stability
[33]. It was furthermore found that laser pointing stability and pulse duration is
strongly correlated with electron beam pointing stability [34] and electron beam
proﬁle[22]. The role of non-linear plasma optics (discussed in section 2.2) suggests
that besides pulse duration, the exact temporal proﬁle of the pulse (temporal or spec-
tral intensity and phase) will likely inﬂuence the laser plasma interaction. Changes
to the spatial laser pulse proﬁle by means of a deformable mirror highlights the cor-
relation of electron beam stability with aberrations in the laser pulse [101]. Eﬀorts
have thus been made to characterise the laser pulse of each of the lasers used in this
thesis.
Temporal Pulse Proﬁle Characterisation To achieve femtosecond temporal
resolution, 2nd and 3rd order intensity auto-correlation techniques can be used. In
a 2nd order auto-correlator, sum frequency generation !s = !1 + !2 = 2!L allows
to measure the correlation function
G2! /
1Z
 1
I!()I!(t  )dt (3.3)
when the laser pulse and its replica is overlapped in a nonlinear optical crystal at
small angle and with varying delay. The intensity width of the correlations signalG2!
is proportional to the pulse duration, which can be obtained through a calibration.
The 2nd order auto-correlation signal is symmetric in time and can not be used
to distinguish pre- and post pulses of the laser. A 2nd order auto-correlator that
measures I2!(; !) is called Frog (frequency-resolved optical gating). From the
I2!(; !) signal, the temporal or spectral intensity and phase I() and () can be
retrieved [177].
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In a 3rd order auto-correlator, sum frequency generation !s1 = !1 + !2 = 2!L
and !s2 = !s1 + !L = 3!L allows to measure the correlation function
G3! /
1Z
 1
I!()I2!(t  )dt / I! (3.4)
when the frequency doubled laser pulse is overlapped with the laser pulse in a
nonlinear crystal with varying delay. The intensity of the correlation signal G3! is
proportional to the intensity of the laser pulse. The frequency doubled laser pulse
I2! serves as a clean short probe that is scanned over the laser pulse I! to retrieve
the location and relative intensity of pre- and post pulses. The 3rd order auto-
correlation technique allows to measure the contrast of the laser pulse with high
dynamic range and to distinguish pre- and post pulses of the laser.
For the experiments with the Vulcan PW laser, the contrast ratio between the
pre-pulses and/or the pedestal from ampliﬁed spontaneous emission (ASE) and the
main pulse is typically 10 8 at best [178], as determined with a 3rd order auto-
correlator prior to the campaign. The pulse duration was measured with a custom
made 2nd order auto-correlator on select shots for the experiments with in TAP and
TAW.
For the experiments with the Astra Gemini laser, a turning mirror in the com-
pressor provides a leak for laser diagnostics. A commercial 2nd order auto-correlator
(Grenouille 8-20, Swamp Optics LLC) was used to measure the E(!) and (!) and
infer the pulse duration. The device, operated on most shots, showed, that the
spectral phase (!) was typically not ﬂat, and would vary over timescales of sev-
eral hours. The 2nd order auto-correlator conﬁrmed the pulse duration measured
with the Spider to be 55 5 fs. A commercial 3rd order auto-correlator (Sequoia,
Fastlite) was used to measure the contrast ratio. During the experiments reported
on here, the 3rd order auto-correlator measured a contrast of better than 10 8 for
the unampliﬁed beam [165]. Measurements with the unampliﬁed beam were not
carried out.
The pulse contrast of the Hercules laser was previously found to be 10 8
without and 10 11 with pulse cleaner [174] but was more likely on the order of
10 3 due to a prepulse at  22 ps for the experiments presented in this thesis, as
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Figure 3.7: Schematic illustrating a focusing beam (blue) and the embedded gaus-
sian beam (red).
measurements with a streak camera showed.
Spatial Pulse Proﬁle Characterisation At the beginning of each experimental
campaign, the focal spot was imaged onto a charged-coupled-device (CCD) to opti-
mise the alignment of the focusing optic. At the end of this procedure, the proﬁle of
the focal spot was recorded for reference and, for experiments on the Astra Gemini
and Hercules laser, the focal spot quality was monitored at the beginning of the
day (see ﬁgure 3.8).
The beam cross section of short pulse lasers in the near-ﬁeld is generally of the
shape of a top-hat, rather than a gaussian. As a result of this, the proﬁle of the near-
ﬁeld or focal spot is given by an Airy disk / J21(r)/r2, where J1 is a Bessel function
of ﬁrst kind of order 1 [117]. The ﬁrst zero of an Airy function is at 1:22FL
from the axis and the full-width-at-half-maximum (FWHM) is d = 1:034FL where
F = f/D is the f-number of the focusing optic with focal length f and diameter D.
This can be used to calculate how close the experimental focal spots were to this
diﬀraction limited minimum size.
As we have seen in section 2.2.3, another parameter that characterises the focal
spot is the Rayleigh length zR, which represents the lengths over which the laser
stays roughly in focus. A gaussian beam of wavelength L propagating in z-direction
evolves as:
w(z) = w0
vuut1 + 2Lz2
w40
(3.5)
Then it follows that for w(zR) =
p
2w0, the distance propagated is zR = w20/L.
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This is strictly only true for gaussian laser pulses and needs to be amended for
top-hat pulses. An arbitrary laser pulse can be decomposed into Hermite-gaussian
modes, of which the lowest order mode is the gaussian mode. We shall call this
lowest order gaussian mode the embedded gaussian mode, and it is deﬁned as the
gaussian beam that has the same diﬀraction angle as the real beam 0 = 0R, but
a beam parameter product that is M2  1 times smaller than the beam parameter
product of the real beam
M2 =
w0R0R
w00
' 
2L
w0R
F
(3.6)
This means, the beam waist of the embedded beam is w0 = w0R/M2. An illustration
of this is given in ﬁgure 3.7. A reasonable deﬁnition of the Rayleigh length of the
real beam is zRR = w
2
0R
LM2
which is larger than the Rayleigh range of the embedded
gaussian zR = w
2
0
L
but smaller than the Rayleigh range of a gaussian beam with
waist w0R would be. The factor M2  1 is a measure of the beam quality and only
for a gaussian beam can M2 = 1. The waist of an Airy disk (at 1/e2 intensity)
is w0R = 0:674FL. Therefore the M2 factor of a diﬀraction limited Airy disk is
M2 = 0:674/2 ' 1:06 and its Rayleigh length is comparable to that of a gaussian
beam. In an experiment, the beam diameter d (FWHM intensity) is more likely to
be measured than w0R and, assuming a top-hat beam, one obtains from equation
(3.6) M2 ' 1:024 d/(FL). In that case, the Rayleigh length zR = w20R/(LM2)
simpliﬁes to zR = 2Fw0R.
To calculate the peak intensity I0 in the laser far ﬁeld, one has to consider the
temporal and spatial proﬁle of the pulse at focus. For a laser pulse with gaussian
proﬁles
I(r; t) = I0e
  ln 2 4r2
d2 e  ln 2
4t2
2 (3.7)
where d and  are the FWHM beam waist and pulse duration. This can be writ-
ten in terms of the laser energy, which is commonly measured in experiments, by
integrating over space and time:
Elaser =
1Z
 1
P (t)dt =
1Z
 1
Z
A
I(r; t)dAdt = I0
d2
8


ln 2
3/2
(3.8)
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which yields for the peak intensity I0 ' 0:83Elaser
d2
.
Assuming a sech2 temporal proﬁle, the pulse power can be related to the pulse
energy and FWHM duration by P = 0:88Elaser

.
(a) Astra Gemini, f/20 focusing (b) Hercules, f/10 focusing
Figure 3.8: Typical laser focal spots from Astra Gemini ( = 55 fs, d = 22 m,
10:8 J, 32% in FWHM) and from Hercules ( = 32 fs, d = 12 m, 2:3 J, 55% in
FWHM).
3.2 Gas Jet Target
Gas jets are a common target to study the interaction of high intensity laser pulses
with underdense plasmas. The Mach number sin = M 1 deﬁnes the angle of
divergence of the jet outside the nozzle (see ﬁgure 3.9). High Mach numbers give high
exit velocities, sharp boundaries but low densities, small Mach numbers give small
exit velocities, smooth boundaries but high densities. Generally a sharp interface
between vacuum and plasma is required, necessitating gas jets with supersonic ﬂow.
A close to square-top proﬁle requires a parabolic, so-called De Laval nozzle [179]. To
avoid blocked ﬂow or internal supersonic ﬂow zones, which irreversibly increase the
entropy and decrease the density, the most narrow tract of the gas chain (supply,
hose, valve, nozzle) needs to be in the nozzle. Two-dimensinal simulations, modeling
the sub-sonic zone before the throat and the (super-) sonic zone after the throat have
been carried out by Semushin and Malka [179]. They ﬁnd, that a conical nozzle
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Figure 3.9: New (left) and old (right) nozzle design. Suitable adapters allow both
types to be used with both Parker and Peter Paul valve.
Figure 3.10: Parker Series 9 multimedia solenoid valve (left) and Peter Paul
EH22H7DCCMG explosion proof solenoid valve.
deﬁned by a throat with critical diameter Dcrit, height Lopt and exit diameter Dexit
can yield a nearly top-hat proﬁle, if parameters are chosen correctly. In fact, results
are insensitive to the geometry of the subsonic region before the throat. The nozzles
used in this work follow these design speciﬁcation closely.
The gas ﬂow for the nozzles is controlled by a solenoid type regulator valve as
shown in ﬁgure 3.10. A Parker Hanniﬁn Corporation Series 9 valve was used in
case of the TAP experiments and a Peter Paul EH22H7DCCMG for the remaining
campaigns. Both valves have a bore size of 3/6400 ' 1:2 mm which is larger than
the diameter of the throat. For the experiments in TAP, nozzles machined from
brass and plastic where used and replaced after each shot. Plastic was chosen as a
low atomic number material, to reduce bremsstrahlung x-rays from laser-accelerated
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electrons impinging on the nozzle. For the experiments in TAW, TA3 and Hercules,
nozzles machined from aluminium where used, as a good compromise for its dura-
bility and relatively low nuclear activation.
The old nozzle design featured a threaded connection which facilitated replace-
ment between shots and a reservoir before the throat, which reduced the maximum
achievable pressure. Consequently, the nozzle design was altered, as pictured in
ﬁgure 3.9, removing the reservoir. Table 3.1 gives a summary of the nozzles that
were used for work described in this thesis.
Table 3.1: Supersonic gas jet targets
interface material Dexit Dcrit Lopt campaign
old plastic 1 mm 0.5 mm 4 mm TAP
old plastic 2 mm 1 mm 5 mm TAP
old plastic 3 mm 1 mm 7 mm TAP
old plastic 5 mm 1 mm 10 mm TAP
new Al 2 mm 1 mm 6 mm TAW
new Al 3 mm 1 mm 7 mm TAW, TA3, Hercules
new Al 5 mm 1 mm 10 mm TAW, TA3, Hercules
new Al 8 mm 1 mm 12.6 mm TAW, TA3
new Al 10 mm 1 mm 15 mm TAW, TA3, Hercules
new Al 15 mm 1 mm 23.33 mm TA3
new Al 20 mm 1 mm 31.66 mm TA3
The valve type was found to have no eﬀect on the proﬁle, as long as the Parker
valve was opened at least 5 ms and the Peter Paul valve was opened at least 12 ms,
as found through neutral gas characterisation with a Normarski type interferometric
diagnostic [180]. Typically an opening time of 16 to 22 ms was chosen and the laser
did not arrive until at least 10 ms after the opening.
For the experiments on the Vulcan laser, the plasma density was determined
with a method based on Raman scattering [181, 182]. For Raman scattering, a high
intensity electromagnetic pump wave at frequency ! = !L propagating through a
plasma can beat with a low amplitude plasma wave ! = !p to produce low amplitude
side-bands at frequencies !L!p. From the spectroscopic measurement, the plasma
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density ne can be calculated.
For the experiments on theAstra Gemini andHercules laser, the pulse length
is too short for Raman measurements, so a transverse probe line was set up, with
a Normarski interferometer, to measure the plasma density proﬁle on every shot
in-situ. This gives a map of phase shifts caused by the eﬀects of plasma density on
refractive index. The shift in phase ¢ introduced is proportional to the integral of
refractive index  over the path P
¢ =
2
L
Z
P
(1  (x)) dx (3.9)
The interferometer gives a series of fringes, which are shifted in space proportionally
to the phase shift. A Matlab computer algorithm4 is used to analyse the data. The
interferograms are unwrapped to obtain a phase map which is the projection of the
density proﬁle onto a plane. The plasma channel can be assumed to be cylindrically
symmetric, so that an Abel inversion can be used to obtain the radial plasma density
proﬁle [183].
Figure 3.11 plots two-dimensional plasma density proﬁles obtained from data
taken during the Astra Gemini experiments. For each nozzle size, at least ﬁve
shots were averaged. Figure 3.12 plots one-dimensional lineouts, showing that the
proﬁles constitute a fast linear rise, a plateau of constant density to within 10% and a
fast linear drop. For each shot, the plasma density along the center of the channel is
averaged to obtain a mean density. For shots at similar conditions (nozzle alignment,
backing pressure), these mean densities are averaged and the data is ﬁtted to obtain
analytic functions, in particular to relate the backing pressure to the mean plasma
density. For the experimental plasma densities quoted in the following chapters,
results are based on this procedure.
3.3 Detectors
This section describes the most important detectors used for this work.
4courtesy of J. Schreiber.
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Figure 3.11: Two-dimensional nozzle density proﬁles measured with in-situ inter-
ferometry during Astra Gemini experiment with He gas. (a) 10 mm, 22 bar, (b)
8 mm, 15 bar, (c) 5 mm, 5 bar and (d) 3 mm, 6 bar. At least 5 shots are averaged
for each density proﬁle.
0 1 2 3 4 5 6 7 8 9 10
0
1
2
3
4
5
6
x 1018
z [mm]
d
e
n
s
it
y
 [
c
m
-3
]
3 mm / 6 bar
5 mm / 5 bar
8 mm / 15 bar
10 mm / 22 bar
0
0.2
0.4
0.6
0.8
1.0
1.2
x 1019
d
e
n
s
it
y
 [
c
m
-3
]
Figure 3.12: One-dimensional nozzle density proﬁles measured along the z axis
with in-situ interferometry during Astra Gemini experiment with He gas. (a) 10
mm, 22 bar, (b) 8 mm, 15 bar, (c) 5 mm, 5 bar and (d) 3 mm, 6 bar.
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3.3.1 Imaging Plate
Time-integrating, two-dimensional imaging sensors based on the principle of ﬂuo-
rescence are frequently called imaging plate 5.
Imaging plates were used to measure various aspects of the electron and x-ray
beams, in particular for the low-repetition rate experiments with the VULCAN
laser and to charge-calibrate the LANEX detector for the high repetition rate ex-
periments (section 3.3.2).
Some materials emit light, when stimulated by radiation, chemical or mechan-
ical energy. This process is called photo-luminescence. More speciﬁcally, if the
emission ceases with the stimulation, the phenomenon is called ﬂuorescence. If it
continues for some time after the stimulation has ended, the phenomenon is called
phosphorescence. For particularly long phosphorescence time scales, emission may
be accelerated with a second stimulation, e.g. visible light and the phenomenon is
called photo-stimulated luminescence (PSL). Imaging plates use 5 m grain size
crystals of a photo-stimulable phosphor barium ﬂuorobromide containing a trace of
bivalent europium (Ba20F20Br17I13 : Eu2+), uniformly coated on a polyester sup-
port.
When stimulated with x-ray radiation, Eu2+ is excited to Eu3+. Imaging plates
are therefore sensitive to all forms of energy carriers that can deposit suﬃcient energy
in the sensitive layer, e.g. -rays, electrons, ions, or positrons. Due to the high Z
composition of the sensitive layer, imaging plates have good x-ray sensitivity up to
100 keV and beyond. The dynamic range is more than ﬁve orders of magnitude.
Energy absorbed in the sensitive layer promote electrons from the valence band of Eu
into the conduction band from where they can form F-centers with halogen defects 6.
The F-centres are metastable and when excited (with 632.8 nm light), the trapped
electrons are liberated and recombine to Eu2+, which results in luminescence (at
' 390 nm).
There are several diﬀerent types of imaging plates which are tailored towards
5This is the brand name of such a product developed and sold by Fujiﬁlm Holdings Corporation.
6An F-Centre (Farbzentrum) is a type of crystallographic defect in which an anionic vacancy
in a crystal is ﬁlled by one or more electrons.
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diﬀerent applications in medicine, dentistry and experimental physics. For physics
applications, types BAS-MS, BAS-SR and BAS-TR are most common, to detect
electrons, x-rays and ions7. The BAS-MS and BAS-SR plates do have and the BAS-
TR plates do not have a 9 m thick protective layer of polyethyleneterephthalate
(PET) in front of the sensitive layer. This predetermines the BAS-TR type for
ion and soft x-ray detection. The BAS-SR and BAS-TR plates are pigmented to
increase the spatial resolution. The spatial resolution is limited by two factors:
(1) the intrinsic spatial resolution limit determined by energy transport of ionising
radiation in the sensitive layer (scattering of energetic electrons, lateral diﬀusion
due to ﬂuorescence of high Z material), and (2) the resolution limit due to optical
scanning of the plate (image blur due to laser light scattered in the sensitive region
and stimulating F-centres in adjacent regions). To counteract the latter, imaging
plates are pigmented in blue, to absorb the 632.8 nm laser light away from the focus
which limits blur during readout. It is important to note, that pigments reduce
sensitivity as they reduce the number of F-centres that can be de-excited during
readout.
Imaging plates are read with scanners, which scan the plates with a focused
He-Ne laser and measure the amount of photo-stimulated luminescence (PSL) with
a photomultiplier. For the present work, Fujiﬁlm scanners of type BAS-1800II and
FLA-5000 where used, which can read out imaging plates with resolutions 200, 100
and 50 m and 200, 100, 50, 25 and 10 m respectively, by adjusting the focusing
of the He-Ne laser. Scanners encode the PSL on a logarithmic scale called quantum
level (QL), to account for the high dynamic range of the system. The relation is
PSL =

R
100
2 4000
S

10L(
QL
G
  1
2) (3.10)
where R is the scan resolution in m, S and L are settings speciﬁc to the scan-
ner called sensitivity and latitude (S(BAS-1800II) = 4000, S(FLA-5000) = 5000,
L(BAS-1800II) = L(FLA-5000) = 5) and G is the bit depth of the scan (G = 65535
for 16 bit and 255 for 8 bit scans). The BAS-1800II scanner is designed to scan
only 20 cm  25 cm imaging plates. Imaging plates that are cut to size need to be
7Imaging plates come in various sizes, for example 20 cm  25 cm, market as BAS-MS 2025.
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Figure 3.13: Composition of Fujiﬁlm BAS-MS imaging plate.
attached to a tray which is moved with respect to the scanning unit. This changes
the focusing conditions of the readout laser and the apparent PSL information ob-
tained after scanning. The FLA-5000 scanner can scan imaging plates of any size
up to 35 cm  43 cm, magnetically attached to a tray, which is moved with respect
to the scanning unit, which always keeps the focusing conditions the same.
Imaging plates of type BAS-MS were used for most of the work presented here,
and the type BAS-TR was used occasionally due to its better sensitivity to low
x-ray energies in the few keV range. For quantitative data analysis, it is necessary
to absolutely calibrate the various imaging plates. For us it is important to know
the amount of PSL obtained per incident photon or electron as a function of photon
or electron energy respectively. Tanaka et al. [184] and Nakanii et al. [185] have
used electrons from a radioactive 147Pm  emitter and from a LINAC accelerator
to determine the response for imaging plates of the type BAS-SR. They have found
that the response to electrons of energy above ' 1 MeV up to ' 1 GeV is fairly
constant at around 140 electrons/PSL. This experimental result is conﬁrmed by
Monte Carlo simulations using an electron gamma shower code.
A similar calibration for imaging plate of the type BAS-MS was carried out
by AWE [186, 187], using the Monte Carlo code MCNP, which takes into account
the electron energy loss and deposition due to collisions and radiative processes.
They have found that the response to electrons of energy above 1 MeV and up to
' 100MeV is fairly constant at around 50 electrons/PSL. Their modeling also shows
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that one (1-100 MeV) electron deposits 50 keV of energy in 100 m of sensitive layer,
for imaging plates of type BAS-MS. Despite a lack of surface layer (9 m PET) and
added pigments, the diﬀerence between imaging plate of type BAS-MS and BAS-TR
are insigniﬁcant and it seems reasonable to assume that one (1-100 MeV) electron
will also deposit 50 keV of energy in 100 m of sensitive layer for imaging plates
of type BAS-TR. This energy can be assumed to be fully absorbed in the sensitive
layer, and the same fraction ( 1) of this energy will be converted into F-centres,
both for imaging plates of type BAS-MS and BAS-TR. We can conclude that 1 PSL
corresponds to an energy of 2.5 MeV and 7.0 MeV deposited into the sensitive layer
for imaging plates of type BAS-MS and BAS-TR, respectively.
To determine the spectral response of the imaging plates to x-rays one may
consider the following: A narrow beam of monoenergetic photons with an incident
intensity I0, penetrating a layer of material with mass thickness t and density ,
emerges with intensity I given by the exponential attenuation law
I
I0
= exp ( (/)t) (3.11)
where / is the mass attenuation coeﬃcient. Attenuated photons may not be
absorbed fully, be it that they are scattered elastically and still exit the layer of
material, or be it that they are scattered inelastically so that Compton-scattered or
ﬂuorescence photons or electrons-positron pairs exit the layer of material. Therefore,
the mass-energy absorption coeﬃcient en/ is introduced, which characterizes the
amount of energy that is not transferred through the layer of material but escapes,
or is elastically or inelastically scattered.
Using the mass-energy absorption coeﬃcient of the sensitive layer of the imaging
plate (taking into account the atomic composition and density), we can calculate
the fractional amount of energy that is transferred (or absorbed) in the sensitive
layer, as a function of incident photon energy, taking into account the attenuation
in the surface layer. Calculated mass-energy absorption coeﬃcients are available
from the NIST website [188]. The Lawrence Berkeley National Laboratory (LNBL)
has determined experimentally the I/I0 as a function of incident photon energy
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Figure 3.14: Spectral response R in photons per PSL as a function of incident
photon energy for imaging plate of type BAS-TR and BAS-MS, calculated using
mass-energy absorption coeﬃcients from NIST [188], transmission data from LBNL
[189] and measured using 5.9 keV photons from a radioactive 55Fe source.
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Figure 3.15: Imaging plates of type BAS-TR and BAS-MS exposed to a radioactive
55Fe source for various times, and scanned with scanner of type FLA-5000, after a
delay of 60-70 min.
(1-30 keV) for various materials [189]8. Using the relation 1 PSL =^ 2:5 or 7 MeV
for imaging plate of type BAS-MS and BAS-TR, we obtain the spectral response
R[photons/PSL] to x-rays, which is plotted in ﬁgure 3.14. It can be seen, that
the calculations based on the NIST and LBNL data agree very well between 1 and
30 keV, i.e. for the energy range that both provide data for. The imaging plate
of type BAS-TR has a weaker response for most of the spectral range plotted,
but due to lack of surface layer, its response is actually better for very low photon
energies. 1:5 keV. The response of both types of imaging plates was also determined
experimentally, for a single photon energy of 5:9 keV, using a radioactive 55Fe source.
8For most materials, for incident photon energies of 1-100 keV, the mass-energy absorption
coeﬃcient is only a few % less than the mass attenuation coeﬃcient, and only for incident photon
energies > 0:1 or 1 MeV will the mass-energy absorption coeﬃcient be on the order of 10 % less
than the mass attenuation coeﬃcient.
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Figure 3.16: Sensitivity S in PSL per photon as a function of time exposed to a
radioactive 55Fe source for imaging plates of the type BAS-MS and BAS-TR, scanned
with scanners of the type BAS-1800II and FLA-5000 at diﬀerent delay times after
exposure.
Imaging plates were exposed, one-by-one, but identically to the 55Fe source, for
various amounts of time, ranging from 30 to 480 s, as shown exemplarily in ﬁgure
3.15. Such imaging plates were then scanned, either with a scanner of type BAS-
1800II or FLA-5000, to also obtain a cross-calibration of the scanners used for the
experiments. The response of both types of imaging plates to 5.9 keV x-rays was
found to be linear with exposure time.
Figure 3.16 plots the measured sensitivity values of S[PSL/photon], for imag-
ing the diﬀerent imaging plates and scanners, as a function of time of exposure to
a radioactive 55Fe source, expressed in number of photons. It is evident that the
imaging plates of type BAS-TR have an approximately 2.5 times smaller sensitivity
to 5.9 keV photons than imaging plates of type BAS-MS. There is little diﬀerence
between scans delayed by ' 60 min or ' 300 min, consistent with earlier ﬁndings,
that fading tails oﬀ after 60-80 min [184]. Although imaging plates are a high dy-
namic range detector with a low detection limit, it is advisable to work signiﬁcantly
above the detection limit for calibration purposes, as can be seen from the large
error bars for small exposures in ﬁgure 3.16. Figure 3.16 also shows, that there is
a small discrepancy between the used scanners, which we attribute to the change
in focusing conditions if custom sized imaging plates attached to a scanner tray are
used in the BAS-1800II scanner.
The experimental imaging plate calibration with the FLA-5000 scanner at '
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60 min delay are plotted on top of the NIST and LBNL calculations, in ﬁgure
3.14, showing an agreement to within a factor of three. It is possible that the
correspondences 1 PSL =^ 2:5 or 7 MeV inferred from the Monte Carlo calculation
overestimates the amount of x-ray energy needed to produce one PSL, due to the
subtle diﬀerences between absorbed and attenuated energy.
3.3.2 Lanex Screen
Imaging plate detectors do not allow for immediate readout, which is a major draw-
back for high repetition rate experiments. This is overcome with ﬂuorescent scin-
tillators, another type of time-integrating, two-dimensional imaging sensors, which
are commercially available, and the type LANEX regular from Eastman Kodak was
used for the presented work. The scintillator consists of a ' 100 m active layer
containing gadolinium oxysulphide (Gd2O2S:Tb) [190]. When excited by ionising
radiation the scintillator will de-excite over a timescale of ' 1 ns [191], isotropically
emitting radiation at 545 nm. The number of photons emitted is proportional to
the energy deposited in the screen. The scintillator is then imaged onto a CCD for
readout.
LANEX screens were used to measure various aspects of the accelerated electrons
beam. The setup of LANEX screen, imaging line and CCD camera was charge-
calibrated with an imaging plate, that was placed between plasma electron source
and LANEX, so as to expose both the imaging plate and the LANEX screen to the
same electron signal. The known electron response was then used to give an absolute
calibration of the LANEX. This calibration needs to be done for each experimental
setup.
3.3.3 X-ray charge coupled device
A CCD is an analogue shift register that enables the transportation of analog signals
(electric charges) through successive stages (capacitors). When excited by photons,
photoelectrons are produced in the photoactive region. This leads to a measurable
cloud of thermalised electrons in an epitaxial layer of silicon, causing a capacitor to
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Figure 3.17: Spectral response R of Andor DX434-BN x-ray CCD in pho-
tons/count, as determined from quantum eﬃciency.
accumulate electric charge. A control circuit shifts the charge from one capacitor to
the next, to a charge ampliﬁer at the end, which converts the charge to a voltage.
This way, the entire charge content of a CCD's capacitor array is sampled and
digitised.
CCDs are therefore sensitive to all forms of energy carriers that can be ab-
sorbed and converted into photons in the photoactive region, e.g. x-rays, -rays,
electrons, ions, positrons or neutrons. CCDs are frequently used in science as a
two-dimensional imaging sensor for visible and x-ray photons. For photon energies
of 1-100 keV, the absorption is dominated by the photoelectric eﬀect [192]. The
spectral sensitivity to photons is thus related to the cross section for the photoelec-
tric eﬀect in silicon and described by the quantum eﬃciency (QE). The QE is the
probability of a photon being detected, i.e. absorbed by a CCD sensor. The number
of photoelectrons generated is the ratio of incident photon energy and excitation
energy bg = 3:65 eV/photoelectron (silicon band-gap).
We have used a CCD to measure aspects of the x-ray beam. We have used a
CCD camera of type DX434-BN from Andor Technology, which has an optimised
QE in the range 1-20 keV. The device has 1024  1024 active pixels, of pixel size
13  13 m giving an image area of 13  13 mm2. The maximum frame capture
rate is 0:9 s 1, limited by the speed of the shift register, AD converter and noise
considerations and is operated at a gain of gCCD = 1:4 photoelectrons/count. Given
the ultrafast timescale of physical processes studied, the device is time-integrating.
Figure 3.17 plots the spectral response R[photons/count] which we deﬁne as the
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Figure 3.18: Schematic illustrating the setup to measure the electron beam proﬁle
with a LANEX screen.
inverse of the spectral sensitivity S[counts/photon]
S[count/photon] = QE  ~![eV/photon]
bg[eV/photoelectron]  gCCD[photoelectrons/count] (3.12)
3.4 Electron Beam Characterisation
3.4.1 Electron beam proﬁle
The proﬁle of the electron beam was characterised by letting the beam pass through
an imaging plate or a LANEX screen. The LANEX screen is set up at an angle of 45
with respect to the laser direction and imaged with a 12 or 16 bit CCD camera with
suitable lens at an angle of 45, such that images of the beam are free of distortions
(see ﬁgure 3.18). The detector was ﬁltered with 1-2 mm of aluminium or copper to
stop low energy electrons < 1 MeV causing negligible small angle scattering. This
diagnostic gives information about the number of ﬁlaments in the electron beam,
the transverse shape of the ﬁlaments and the pointing and pointing stability of the
ﬁlaments (with respect to the laser or x-ray beam).
3.4.2 Electron beam spectrum
The spectrum of the electron beam was characterised with a spectrometer that
spatially disperses the electron beam according to its momentum in a magnetic ﬁeld
and records the dispersed electrons on either an imaging plate or LANEX screen.
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Figure 3.19: Sketch illustrating the deﬂection of an electron on passage through a
circular, perpendicular magnetic ﬁeld.
Analytic treatment The deﬂection of an electron that passes through a circular
region with a constant magnetic ﬁeld B can be calculated analytically. The electron
prescribes a Larmor orbit, which is circular in the plane perpendicular to the ﬁeld
orientation, with radius rL = jpj/eB. If the electron enters the magnetic ﬁeld with a
direction towards its center, the angle of deﬂection is given by  = 2 arctan(rm/rL),
where rm is the magnet radius, as illustrated in ﬁgure 3.19. For small angles of
deﬂection and relativistic electrons ( ' 1), the deﬂection is d ' 2LermB/(mec),
which is proportional to the product of magnet ﬁeld B strength and radius rm and
inversely proportional to the electron energy.
Magnet spectrometers Three diﬀerent types of magnetic spectrometers where
used. The ﬁrst two, referred to as ICL (Imperial College London) and JAI (John
Adams Institute) are based on electromagnets and were used for the experiments
on Vulcan and Astra Gemini, respectively. Drawings of these spectrometers are
shown in ﬁgure 3.21 and detailed parameters are given in table 3.2. The third
spectrometer is based on two 1510 cm2 sintered neodymium iron boron magnets9,
including a high performance yoke to reduce fringe ﬁelds, giving a maximum ﬁeld
strength of 0:68 T with a pole gap of 2 cm. The assembly is extremely compact
(< 25 25 20 cm3) and was used for the experiments on Hercules, where space
in and around the interaction chamber were limited.
9supplied by Magnet Sales & Service Ltd.
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a b
Figure 3.20: CAD drawing of the (a) Imperial College large electron spectrometer
and the (b) John Adams Institute large electron spectrometer.
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Figure 3.21: Characterisation curves measured with a Hall probe for the Imperial
College and John Adams Institute spectrometer magnet. (a) Field in magnet centre
as function of applied coil current. (b) radial ﬁeld proﬁle normalised to centre ﬁeld.
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Table 3.2: Useful parameters of electro magnet spectrometers and their setups.
parameter [mm] IC (TAW) IC (TAP) JAI (Gemini)
source to collimator 1990 20 2520 30 2232 19
source to magnet center 2492 10 3410 50 2565 18
source to detector 2992 10 3910 30 3096 24
magnet center to detector 500 500 531 6
pole gap 50 50 25
diameter pole piece 101:6 101:6 270 10
Leﬀ = 1Bmax
R1
 1Bz(r)dr 161 161 334
Magnet characterisation The actual magnetic ﬁeld proﬁle of the magnets diﬀers
from a perfect top-hat proﬁle. The maximum perpendicular ﬁeld (at the center
of the magnet) as a function of the current through the electromagnet coils was
measured with a Hall probe for the ICL and JAI [193] spectrometer magnets. Then,
the perpendicular component of the ﬁeld was measured as a function of the radial
distance from the center, which, when normalised to the maximum, turns out to
be self-similar, regardless of current. The measurements are summarised in ﬁgure
3.21. The magnetic ﬁeld proﬁle for the permanent magnet was supplied by the
manufacturer.
Tracking code The trajactories of electrons in these actual ﬁelds diﬀers somewhat
from the analytic model. This is particularly the case for the rectangular perma-
nent magnet. A Matlab computer algorithm10 was used to calculate the passage
of electrons through a given magnetic ﬁeld map using a centre diﬀerencing Lorentz
solver. Sample trajectories for various energies on the JAI spectrometer are shown
in ﬁgure 3.22 a. Electrons that enter the magnetic ﬁeld at an angle from the laser
direction would be deﬂected diﬀerently from electrons following the laser direction,
as shown by the diﬀerent dispersion curves in ﬁgure 3.22 b. All spectrometers (with
the exception of the permanent magnet) are therefore equipped with a collimator
located at some position before the magnet to reduce (typically to  a few mrad)
the acceptance angle of the device and therefore the uncertainty in the energy mea-
10courtesy of S. P. D. Mangles and S. R. Nagel.
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Figure 3.22: Results of the electron tracking code for the John Adams spectrom-
eter. Setup parameters are given in table 3.2. (a) Electron trajectories and points
of energy focusing. (b) Electron energy as a function of deﬂection on the detector
screen for diﬀerent magnet currents. Electrons passing the spectrometer collimator
centered (blue line) or along the edge (i.e. 5 mrad from the laser direction in the
plane of dispersion, red lines), which give an indication of the energy resolution.
surement ¢E/E. The results from the beam proﬁle characterisation were used to
determine beam divergence and pointing ﬂuctuations and estimate the uncertainty
in the energy measurement.
Focusing Properties For certain parameters (magnet current, source magnet
distance, magnet detector distance) the energy resolution ¢E/E can assume a min-
imum (< 1%) for a certain electron energy / deﬂection due to focusing in the spectral
plane. For the magnet current, source magnet and magnet detector distances used
in the setup with the JAI spectrometer, focusing would occur for electrons with
energy < 30 MeV, and could thus be neglected, since the detection limit for low en-
ergy electrons was > 40 MeV (depending on magnet current). Transverse focusing
or edge focusing of the spectrometer is found to be negligible due to the close to
ideal magnetic ﬁeld (dipole magnet) and small acceptance angle of the spectrometer
[194].
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3.5 X-Ray Beam Characterisation
The x-ray beam produced in typical laser wakeﬁeld experiments will contain several
orders of magnitude less energy than the electron beam [89]. X-ray detectors such
as imaging plate and CCD cameras are also sensitive to electrons and it is therefore
paramount to deﬂect any electrons with a magnet before the x-ray beam can be
characterised.
3.5.1 Origin of X-rays and Transverse Proﬁle
An important ﬁrst step in any x-ray measurement is to ensure that any measured
radiation originates from the interaction. This is done by placing a wire cross or
wire mesh in between interaction region and detector. X-rays originating from the
interaction will cast a shadow of the object on the detector, which will be called the
x-ray radiograph from now. Isotropic background radiation, e.g. bremsstrahlung
from electrons striking the chamber walls, would weaken the contrast of the shadow
of the wires. Auxiliary quasi-point-like sources, e.g. bremsstrahlung from electrons
striking the nozzle would lead to multiple shadow patterns on the detector. If
both are absent, one may assume that any x-ray radiation originates from (a small)
interaction region. A wire mesh that subtends a large enough angle can then be used
to measure the transverse, temporarily and spectrally integrated x-ray beam proﬁle,
which is typically done with an imaging plate or x-ray CCD. This measurement
can provide information about the divergence of the beam which can be used to
determine the K parameter (see equation 2.124) or the pointing and stability of
the beam (relative to laser or electron beam). Figure 3.23 shows the speciﬁcation
of a collection of the diﬀerent wire grids used for backlighting in our experiments.
Depending on wire opaqueness (material and thickness), x-ray source origin and
beam proﬁle of diﬀerent spectral ranges can be studied. Figure 3.23 c shows that
0:1 mm aluminium, 0:25 mm copper and 0:06 mm silver grid is good for x-ray
energies up to ' 5, ' 15 and ' 30 keV.
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Figure 3.23: (a) Schematic of wire mesh used for x-ray backlighting. (b) List of
parameters for wire grids. (c) X-ray transmission through diﬀerent wire grids.
3.5.2 Spectrum
Dispersive elements, such as Bragg-crystals are commonly used to measure the x-ray
spectrum of laser-driven solid target x-ray sources. A crystal-based spectrometer was
tried initially to measure the spectrum of the betatron x-rays, but proved unsuitable
due to its low sensitivity. Nevertheless it was found that our ﬂux was too high to
allow for the use of an x-ray CCD camera as a single-hit x-ray spectrometer. Such
a single-hit spectrometer would require on average less than one photon incident
per pixel11, in which case the signal height is proportional to the energy of the
incident photon. In a regime of intermediate x-ray ﬂux, a technique was developed
to reconstruct the betatron spectrum based on the simultaneous measurement of the
x-ray ﬂux through a set of diﬀerent thickness, diﬀerent material, metal foil ﬁlters,
either with an imaging plate or an x-ray CCD camera.
The ﬁrst variant of this technique is based on the use of Ross ﬁlters [195, 196, 197],
which, in the simplest case, are pairs of ﬁlters with identical transmissions except for
the energy range between their K-edges. The x-ray transmission through a sample
Ross ﬁlter pair (15 m Ag/20 m Mo) is shown in ﬁgure 3.24. The diﬀerence in
signal levels between the two ﬁlters is due to the energy band between the two K-
edges (shown in ﬁgure 3.25). Subtracting the measured signal levels M[PSL/srad],
and taking into account ﬁlter transmission Ti;j, edge energies Ei;j[keV] and detector
11This should be achieved by suﬃciently increasing the distance between detector and source,
rather than ﬁltering the camera excessively, which would impact on the spectral response.
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Figure 3.24: X-ray transmission through a sample Ross ﬁlter pair
(15 m Ag/20 m Mo), detected on an imaging plate (BAS-MS). Between source
and detector a near and far copper wire cross were setup, to determine the origin of
the radiation.
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Figure 3.25: Transmission of some Ross ﬁlter pairs used in used in the experiments
for the reconstruction of the betatron x-ray spectrum. A complete list of ﬁlters and
transmission curves is given in appendix 8.6.
sensitivity S[PSL/photons], the absolute number of photons R[photons/keV/srad]
per energy bin and solid angle can be calculated
R[photons/keV/srad] = M[PSL/srad]R Ej
Ei
(Tj Ti)SdE
(Ej Ei) [PSL/photon]
 1
(Ej   Ei)[keV]
=M[PSL/srad]  F[photons/PSL]  1
¢Eij[keV]
(3.13)
where the factors F[photons/PSL] and F[photons/count] are given in table 8.4 and
8.5 (of appendix 8.6) for imaging plate and x-ray CCD detectors, respectively, for
the Ross ﬁlter pairs used in ﬁgure 8.1 (in appendix 8.6).
Ross ﬁlter pairs require the x-ray beam to be characterised to be uniform across
both ﬁlters. In that case, no background subtraction is necessary, as both ﬁlters
are measuring the same background and fog level, which cancels when subtracting
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the ﬁlter yields. If several Ross ﬁlter pairs with diﬀerent energy bins are employed
simultaneously, uniformly exposed and from the same angle12, a rough idea about
the spectral shape of the x-ray spectrum at this angle may be obtained.
The transmission of Ross ﬁlter pairs outside their design energy bin must be as
close to identical as possible, as secondary energy bins in a diﬀerent energy range will
compromise the performance of the ﬁlter. Therein resides the biggest disadvantage
of Ross ﬁlter spectrometers. It can be seen from the subtracted ﬁlter transmissions
of Ross ﬁlter pairs plotted in ﬁgure 8.1, that secondary bins could not be fully
avoided within the energy range relevant for the measurements in this thesis. A
second iteration of an x-ray spectrometer was based on the measurement of x-ray
yields through multiple ﬁlters. Let dI
2
guess
dEd­
be the guessed x-ray spectrum. The x-ray
transmission through a ﬁlter i with transmission Ti is then given by
1Z
0
d2Iguess
dEd­
Ti(E)S(E)dE =Mpredicted,i (3.14)
where S is the detector sensitivity (e.g in counts/photon or PSL/photon), and
Mpredicted,i is the predicted signal level on the detector (e.g. in counts/srad or PSL/srad)
for the ﬁlter i. Minimising
2 =
X
i
(Mpredicted,i  Mmeasured,i)2 (3.15)
by varying the guessed spectrum dI
2
guess
dEd­
will yield a best guess of the real spectrum
dI2
dEd­
. We have seen in section 8.4, that the betatron spectrum of a monoenergetic
electron will take the shape of a synchrotron spectrum, if the betatron strength
parameter a  1. It will be shown later that the betatron spectrum will still
be well approximated by a synchrotron spectrum even for an accelerating electron
population with an energy spread. This suggests our guess should be a synchrotron
spectrum (equation 2.122):
d2I
dEd­
= N
3e2
230c
2z0
E2
E2crit
K22/3(E/Ecrit) (3.16)
The guess spectrum is therefore reduced to the single parameter Ecrit, which facili-
tates the minimisation in equation 3.15. Up to six ﬁlters were used simultaneously
12as radiation may be angularly dependent
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Figure 3.26: (a) X-ray transmission through the six-fold Hercules ﬁlter pack
measured with an x-ray CCD. (b) Measured Mmeasured,i and predicted Mpredicted,i
signal yield for a guessed synchrotron spectrum with critical energies Ecrit of 3.0,
5.5 (best ﬁt) and 12.0 keV. (c) Plot of the 2 for guessed synchrotron spectra with
diﬀerent critical energies Ecrit, quantifying the discrepancy between guessed and real
spectrum.
per shot, as shown in ﬁgure 8.1. The ﬁlters of a ﬁlter pack should be chosen such
that their transmission curves are as unique as possible, e.g. by location of their
K-edges. Furthermore the overall transmission of the ﬁlters should be chosen as
close to 1 as possible, e.g. by choice of suﬃciently thin ﬁlters. This is necessary
so as to minimise the component of incident x-ray energy that is converted into
secondary energy carriers (e.g. photoelectrons, Compton photons, pair-created elec-
trons, see discussion in section 3.3.1). Secondary energy carriers could cause a signal
on the detector indiscernible from the attenuated betatron radiation which would
invalidate the assumption in equation 3.14.
Figure 3.26 a shows the x-ray transmission through the six-fold Hercules ﬁl-
ter pack, measured with the x-ray CCD, to give an example of the analysis. To
determine the critical energy Ecrit that best ﬁts the real spectrum, the following
procedure is followed: Suitable areas for each ﬁlter (1-5) are chosen, averaged over
and the background signal measured behind an opaque 540 m copper ﬁlter (b1,
b2) is subtracted. The sum of the ﬁlter signals obtained in this way is normalised
to one, giving the measured signal yields Mmeasured,i (in arbitrary units). Then dif-
ferent critical energies Ecrit are tried, typically from 1-50 keV in steps of 0.5 keV,
and the predicted signal yield Mpredicted,i (with sum normalised to one) and 2 are
calculated, as shown for a typical case in ﬁgure 3.26 b,c. The critical energy of the
best ﬁt minimises 2. The more pronounced the trough is in the (Ecrit) plot (ﬁgure
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Figure 3.27: Objects with microscopic features used for x-ray backlighting. (a)
20 m gold foil with lines and bars of size 500 to 20 m etched into it. (b-d)
Triplet of diﬀerent diameter aluminium and copper wires. (b) 50/100/250 m, (c)
20/50/100 m and (d) 5/20/50 m diameter wires.
3.26c), the smaller the error on critical energy Ecrit of the best ﬁt. This is used to
deﬁne an error bar
¢Ecrit = Eb(f  2min)  Ea(f  2min) (3.17)
as illustrated in ﬁgure 3.26 c, where f > 1.
3.5.3 Source Size from Backlit Microscopic Objects
To ascertain the size of the betatron source, x-ray radiographs of objects with small
features are taken, similar to the discussion in section 3.5.1. Objects used for the
work presented here are shown in ﬁgure 3.27 and consist of either a gold foil with
lines and bars etched into it, or wire triplets. A prerequisite for the resolution of
these small features is a setup of suﬃcient magniﬁcation, M = o+ i
i
, such that the
image of the features to be resolved spreads across at least 2 pixel on the detector,
where o and i are the object and image distance. Practically, a value of ' 5 pixel is
chosen, i.e. to resolve a 5 m wire on an x-ray CCD camera with pixel size 13 m, a
magniﬁcation of M ' 13 is chosen. If a small feature can be resolved, then one may
conclude, that the size of the x-ray source is on the order of the size of the object.
3.5.4 Source Size from Backlit Half-Plane (Geometric)
To quantify the source size more precisely, a half-plane was backlit with the x-ray
beam. A typical intensity distribution on the detector looks like a half-shadow,
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Figure 3.28: Razor blade (a) and cleaved InSb single crystal (b) used as half-plane
for x-ray backlighting. (c,d) Schematic showing the diﬀerent intensity distributions
obtained on the detector depending on the type of half-plane used, for the ideal case
of a point source.
whose details contain convolved information about the x-ray source and half-plane.
Assuming plane geometrical optics, the intensity variation along a lineout across
the half-shadow is given by the convolution of the source function and the aperture
function (describing the transmission through the half-plane). To facilitate the anal-
ysis, the half-plane is chosen to resemble, as closely as possible, a step function, in
which case the convolution with a gaussian source function would become an error
function.
I(x) =
1
2
 
1 + erf
 
2
p
ln 2x
Md
!!
(3.18)
where d is the FWHM source intensity size. Two diﬀerent types of half-planes are
used. For the characterisation of the relatively large source13, a commercially avail-
able razor blade made from steel is used, which is tapered (at an angle of 14:7). Its
nonuniform x-ray transmission across the edge would result in an intensity distribu-
tion with ﬁnite rise on the detector, even for a point source, as illustrated in ﬁgure
3.28 b. This eﬀect however is negligible compared with the broadening of the rise
from the relatively large sources the razor blade is used for. For the characterisation
of the smallest sources14, an InSb single crystal cleaved to a thickness of 0.5 mm is
used (see ﬁgure 3.28 c). The thickness of the crystal is uniform and its faces are ﬂat
to within a few hundreds of nm or better, which would result in a step-like intensity
proﬁle for a point source as illustrated in ﬁgure 3.28 d. Experimental data is typi-
cally analysed as follows. Half-shadow images are background subtracted and then
13used in the Vulcan experiment, cf. chapter 4.
14used in the Hercules experiment, cf. chapter 6.
126 CHAPTER 3. EXPERIMENTAL METHODS
rotated in increments about an initially approximately vertical orientation of the
edge. For each orientation horizontal lineouts are taken, averaging vertically over
several hundred consecutive lines. A least-squares ﬁt is used to ﬁt an error function
(3.18) to each lineout giving the source size d. The orientation that minimises d is
declared vertical and its d is declared the real source size.
3.5.5 Source Size from Backlit Half-Plane (Fresnel)
For measurements of the smallest sources at the highest resolution, the half-shadow
images were analysed diﬀerently, using the framework of Fresnel diﬀraction. Fresnel
diﬀraction occurs when a wave passes through an aperture and diﬀracts in the near
ﬁeld, causing the observed diﬀraction pattern to diﬀer in size and shape, depending
on the distance between the aperture and the projection i, the size of the aperture
A and the wavelength of the wave . In the present case, i ' 1500 mm,  . 510 7
mm (& 2 keV) and A ' 125 m assuming an x-ray beam of 5 mrad divergence and
a half plain aperture at o = 50 mm from the source. Therefore the Fresnel number
F = A2/(i) & 16 > 1, requiring a treatment in the Fresnel regime.
The Problem of Fresnel diﬀraction from an obstacle is documented well in
the literature [198, 199]. For a point source S, the electric ﬁeld at point P of the
projection is an integral over the contributions from all secondary sources dS in the
plane of the aperture
dE =
K()E0
rs
 exp
 
 2(   i)t

!
 exp

2

(r + s)

 exp ( i!t)  [cos(n; r)  cos(n; s)]  dS (3.19)
where E0 is the source strength in volts, K() is the Kirchhoﬀ function which can
be assumed to be K  1 for small apertures15,  and  are the real and imaginary
part of the refractive index  = 1    i,  is the wavelength of the radiation, t is
the thickness of the aperture and r,s and n are as shown in ﬁgure 3.29. To compute
the ﬁeld at P, in general one would have to integrate dE over the full plane. If we
15We are eﬀectively in this limit, as our beam has a small divergence.
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Figure 3.29: Schematic illustrating Fresnel diﬀraction from an obstacle.
assume the obstacle to be a half-plane deﬁned by
§ = f 1 <  <1;  > x0; z = 0g (3.20)
which is fully opaque (§) =1, sits in vacuum (¹§) = 0, the problem simpliﬁes
E(P ) =A 
1Z
= 1
x0Z
= 1
exp

2

1
2

1
r0
+
1
s0
 
2 cos2 + 2

dd
=A  (C + iS) (3.21)
where  is as shown in ﬁgure 3.29 and
C =b [(1/2 + C(w))  (1/2 + 1/2 + S(w))] (3.22)
S =b [(1/2 + C(w)) + (1/2 + 1/2 + S(w))] (3.23)
are related to the Fresnel functions C and S, b = /2(1/r0 + 1/s0) cos , A =
E0 cos  exp[i2/(r0 + s0)]/(r0s0) and w(x0) =
q
2/(1/r0 + 1/s0)x0 cos .
Small Angle Approximation: Equation (3.21) gives the ﬁeld at the point P
as a function of the distance of the edge of the half-plane to the line connecting S
and P, i.e. E(x0). What one is actually interested in, is the ﬁeld as a function of the
x coordinate of P, i.e. E(x). To ﬁnd the irradiance somewhere else in the pattern,
for example at P1 separated from P0 by ¢x, as given in ﬁgure 3.30, we move the
half-plane accordingly by ¢x0 = ¢x  o/(i+ o), i.e.
E(x) = E(w(x)) (3.24)
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Figure 3.30: To calculate the ﬁeld in the point P1 separated from P0 by ¢x, the
half-plane is shifted by ¢x0 = ¢x  o/(i + o). For small angles x, this still allows
the use of equation (3.21).
with w(x) = x o
i+ o
q
2/(1/r0 + 1/s0) cos . This is valid so long as x stays very
small.
Inﬂuence of Source Size and Spectrum: If the source is not point-like, the
electric ﬁeld has to be convolved with the source function g() and spectral distri-
bution E(; x) =
Z

Z

S()g()E(; x  i/o  y) dd to compute I(x), where S()
is the spectral sensitivity of the detector. A computer algorithm was developed to
model the intensity distribution on the detector, for arbitrary source distributions
and source spectra. Figure 3.31 shows some numerically calculated intensity distri-
butions. The code can be used to model experimentally measured distributions and
infer information about the source size and spectrum.
3.6 Analysis Software
3.6.1 LABView Control Program
A LABView control program was developed to automate data acquisition, archiving
and aspects of diagnostics control. The software was used for the high repetition rate
experiments on Astra Gemini (cf. section 5) and Hercules (cf. section 6). The
program automatically feeds the raw data to a monitoring station where it performs
preliminary on-the-ﬂy analysis (e.g. electron spectrum) and displays all results of
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Figure 3.31: Numerically calculated intensity distribution on the detector when a
light source is Fresnel diﬀracted from a half-plane. (a) For a monochromatic source
at constant energy, the smaller the gaussian source size, the faster the rise, the higher
the ﬁrst overshoot and the more oscillations. (b) For a monochromatic source with
constant source size, the smaller the photon energy of the source, the slower the
rise and the more oscillations. (c) For a (broad) synchrotron spectrum, even for
very small sources, only a single fringe is left and further oscillations are damped,
regardless of critical energy chosen.
130 CHAPTER 3. EXPERIMENTAL METHODS
a shot in a concise way for the experimentater to interpret. The system allows for
operation of a large number of diagnostics on a high repetition rate experiment with
reduced human input. All diagnostics are computer interfaced and on the network.
3.6.2 Matlab Program
Experimental spectra from LWFA may consist of several quasi-monoenergetic fea-
tures at the high energy end of the spectrum which may sit on top of a dark current.
To aid an objective comparison of the accelerators performance under the various
experimental conditions, the complex electron spectra need to be reduced to a few
key characteristics. For this purpose, a semi-automatic analysis tool with Matlab
graphical user interface (GUI) was developed which converts raw data into real
(1D and 2D) electron spectra and extracts the energy, width and charge of quasi-
monoenergetic features, the average energy, total charge and transverse pointing of
the beam. The software was used for the high repetition rate experiments with the
Astra Gemini (see section 5) and Hercules laser (see section 6).
3.7 Numerical Modeling
Besides experiment and theory, computational modeling is a third, and equally
important means of studying physical phenomena. In particular in plasma physics,
systems under consideration are complex, and numerical modeling is integral to go
beyond analytical theory and aid to the understanding of experiments. In laser-
plasma acceleration, the distribution function is far from equilibrium as collisions
are infrequent and particles interact with each other via the Lorentz force. A full
kinetic algorithm is therefore needed to simulate the eﬀect of the laser on the plasma
and how it feeds back on the laser.
3.7.1 Particle-in-Cell Code
In a particle-in-cell code (PIC), electromagnetic ﬁelds of the laser and/or plasma
or other external sources are discretised on a one or multidimensional grid. The
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spatial scale is chosen to resolve the smallest scale of interest, which is typically the
laser wavelength for simulations of underdense plasmas. The grid cells are ﬁlled with
quasi-particles, such that they reﬂect the plasma density proﬁle under consideration.
In an iterative procedure, the particles are pushed by the ﬁelds and their position
and momentum is advanced each time step. Time steps are chosen to resolve the
smallest scale of interest, typically the inverse laser frequency. From position and
momentum change of the particles, charge and current densities are inferred and
interpolated onto the grid. Using Maxwell's equations, the ﬁelds are advanced for
each time step as well. Particles are pushed and ﬁelds are solved for the desired
number of time steps until the end of the simulation is reached. Two types of PIC
codes were used to model the experiments presented in this thesis.
3.7.2 OSIRIS
OSIRIS is a fully relativistic, electromagnetic, and massivelly parallel particle in
cell code [200, 201]. OSIRIS is furthermore a full PIC code, which resolves the
spatial and temporal scale of the laser, to give an accurate model of reality. Typical
diagnostics of OSIRIS are the electric and magnetic ﬁelds, charge and current
densities and (electron) particle phase space, energy and trajectories.
3.7.3 QuickPIC
QuickPIC is a fully relativisitic, massively parallel particle-in-cell code[202]. It is
based on the quasi-static approximation, which reduces a fully 3D electromagnetic
ﬁeld solver and particle pusher to a 2D ﬁeld solver and particle pusher. This is done
by calculating the plasma wake assuming that the driving laser does not evolve
during the time it takes to pass a plasma particle (quasi-static approximation). The
electromagnetic ﬁelds of the plasma wake and its index of refraction is then used
to evolve the laser beam using relatively large time steps (ponderomotive guiding
centre approximation). Thus not having to resolve the spatial and temporal scale
of the laser (wavelength and frequency), QuickPIC can be two to three orders of
magnitude faster than full PIC codes such as OSIRIS.
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Chapter 4
Synchrotron Radiation from
Laser-Wakeﬁeld and Direct-Laser
Accelerated Electrons
4.1 Motivation
Electron energies in excess of 300 MeV were observed in previous experiments on
laser driven electron acceleration from gaseous targets with the Vulcan Petawatt
laser, where DLA was found to be the dominant acceleration regime [141]. In these
experiments, a signal in the electron spectrometer remained undeﬂected from the
laser direction. It was found to penetrate several m of aluminium foil. This opens
up the possibility that the observed signal is due to x-rays originating from the
interaction.
A beam of keV x-rays due to betatron oscillations was also measured when elec-
trons are accelerated by a wakeﬁeld driven by a laser with relatively moderate power
of ' 10 TW [89]. It is also known that in the Petawatt regime, electrons are ac-
celerated directly by the laser and transverse betatron oscillations are postulated
[17, 141].
This motivates the following and ﬁrst experimental attempts to fully characterise
the x-ray radiation from a long pulse (c  p) petawatt laser interacting with an
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Figure 4.1: Schematic layout of the experimental setup used in the Vulcan
Petawatt target area. Although not shown, a similar setup was used for the follow
up experiment reported on in Target Area West.
underdense plasma. The aim of the campaign was to measure divergence, source size,
spectrum and photon yield of the x-ray beam simultaneously with the electron charge
and spectrum. In order to ﬁnd out if the x-ray radiation was in fact the consequence
of betatron oscillations by the electrons, the electron and x-ray characteristics were
measured across a broad range of experimental parameters including laser intensity,
focusing geometry, interaction length and plasma density.
4.2 Setup and Parameters
4.2.1 Experimental Setup and Procedure
The Vulcan laser was used for these experiments (see appendix 3.1.3). The exper-
imental setup is shown in ﬁgure 4.1. After entering the target chamber, the beam
was focused by an oﬀ-axis paraboloid onto the front of circular gas jet nozzles with
diameters 1; 2; 3 and 5mm. Helium was used as a target gas and electron densities
up to ne = 2ni = 1:41020 cm 3 were investigated, where ni is the density in the ion
channel. The laser is polarised in the horizontal plane. The main diagnostics were
an electromagnet spectrometer (see section 3.4.2) to measure the spectral distribu-
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tion of energetic electron along the laser axis. The spectrometer was equipped with
a lead slit with 7mm gap. The size of the gap was chosen as a compromise between
resolution of the spectrometer and available area for x-ray measurements. X-rays
were also measured at large angles, as indicated by the second channel in ﬁgure
4.1. Additional magnets and shielding were deployed to reduce parasitic charged
particles and radiation impinging onto the oﬀ-axis detector. The laser was aligned
onto the front edge of the nozzle, by translating the nozzle, and retro-imaging the
scattered light from the front of the nozzle. The nozzle was then centered one mil-
limeter below the laser axis, where the density proﬁle is relatively ﬂat, with the focal
spot on the front edge of the gas plume (see section 3.2).
4.2.2 Experimental Parameters
Target Area Petawatt The F-number (focusing geometry) of the laser could
be changed from f/3 to f/5 by reducing the laser beam diameter before focusing
with an aperture. Without the aperture for the f/3 geometry, the pulse length was
L = (630 120) fs and the beam was near diﬀraction limited with 1/e2 spot radius
of w0 = 3:2m at 1/e2 of the intensity. For the f/5 geometry, the corresponding
values were l = (760  120) fs and w0 = 5:3m. The maximum energy on target
was 280 J for f/3-focusing, which was reduced to 90 J when comparability was
desired with f/5-focusing, where the maximum energy was limited to 90 J due to
the aperture in the beam. The normalised vector potential could be varied between
9 < a0 < 29 and the peak intensities between 3:01020Wcm 2 and 1:81021Wcm 2
for f/3-focusing. All results presented in this chapter with the exception of the x-ray
divergence and high resolution source size measurements were performed in TAP.
Target Area West The F-number and therefore focusing geometry of the laser
was ﬁxed to f/3. The pulse length was L = (642124) fs and the focal spot radius
of w0 = 9:5m at 1/e2 of the intensity. The maximum energy on target was 57 J.
This yielded peak normalised laser vector potential a0 = 8:2 and peak intensities
8:2  1019Wcm 2. X-ray divergence and high resolution source size measurements
were carried out in TAW.
136CHAPTER 4. SYNCHROTRON RADIATION FROMA PLASMA CHANNEL
200 100 80 60 50 40 30
5
ï
ï
Energy [MeV]
ab
d
iv
e
rg
e
n
c
e
[m
ra
d
]
Figure 4.2: (a) Typical 2D image of the dispersed electron beam, plotting beam
divergence versus electron energy. (b) X-ray signal measured behind a ﬁlter pack.
The detector used for the single shot measurement is BAS-MS imaging plate.
a b
Figure 4.3: (a) Shadow of 60m Ag grid observed in laser direction and (b) shadow
of 250m Cu grid observed 45 from laser direction (in the polarisation plane).
4.3 Experimental Results
4.3.1 Measurements of the X-ray Divergence
With the electron beam deﬂected away from laser axis by the spectrometer magnet,
a bright (undeviated) beam of x-rays was also observed co-propagating along the
laser axis (see ﬁgure 4.2). It was imperative to ﬁrst prove that this x-ray source
originates from the plasma itself. In order to do this a grid of 60m diameter
silver wires was placed between target and detector. The corresponding image is
shown in ﬁgure 4.3 a. X-rays project the outline of the mesh onto an imaging plate,
proving they originate from the interaction region. The radiograph consisting of the
shadow of the grid shown is indicative of a sub-millimeter source of x-ray radiation
close to the laser focus, since the deﬁnition of the wire edge is also sub-millimeter.
When either the laser power or plasma density was reduced to inhibit the electron
beam, the x-ray beam also disappeared, showing that the generation of the x-rays
is linked to the electron beam. A shadow of the mesh can also be seen at large
angles from the laser direction, in the plane of the laser polarisation. Figure 4.3 b
shows the radiograph of a 250m copper grid positioned between the target and a
detector at 45 from the laser axis. Evidently the x-ray beam divergence is large.
If it were assumed that it is gaussian in nature, it would imply a beam divergence
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Figure 4.4: (a-c) Corner of a knife edge casts a shadow on BAS-MS imaging plate
detector. (d-f) Lineouts across the half-shadow are ﬁtted with an error function to
infer the source size, assuming a gaussian spatial distribution and step function-like
knife edge. All data is obtained on a single shot, with f/3 focusing and a total
energy of 180  290 J on target.
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Figure 4.5: Density scan of horizontal and vertical x-ray source size obtained from
ﬁt with error function to lineout across half-shadow for data in ﬁgure 4.4.
of ' 45   90 from this 2-point measurement in ﬁgure 4.3. With  = a/ and
simultaneously measured electron energy, this gives a ﬁrst estimate for the betatron
strength parameter a ' 60 120. This points towards a very strong plasma wiggler.
Further evidence to support this will be presented in the following sections.
4.3.2 Measurement of the X-ray Source Size
Vulcan Target Area Petawatt: To quantify the source dimensions more accu-
rately, penumbral images were taken of a knife-edge. The experimental data is
shown in ﬁgure 4.4. Lineouts across the half-shadow take the shape of an error
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function to ﬁrst order. Due to the limited ﬁeld of view, it is however not possible
to accurately determine if the lineouts plateau on either side of the sharp rise. The
1/e2 x-ray source size is found to increase almost linearly with plasma density both
in the horizontal and vertical direction, consistent with enhanced laser ﬁlamentation
at high densities (see ﬁgure 4.5). For ne = 1:61019 cm 3, we ﬁnd a 1/e2 source size
of w0 = 90m, for ne = 1:41020 cm 3, it is 400m. Varying the interaction length
by changing the nozzle length at constant density did not aﬀect the x-ray source
size appreciably. Replacing the plastic nozzle with a high Z brass nozzle indicates
that the contribution of bremsstrahlung from the nozzle is negligible.
Vulcan Target Area West: The source size measurements were repeated
during the experiment in Vulcan TAW with similar laser and target parameter but
' 3   5 reduced laser energy (see ﬁgure 4.6). This time the ﬁeld of view was
increased, and we conﬁrm, that the intensity proﬁle indeed does not reach a stable
ﬂat plateau on either side of the sharp rise. A possible reasons for this could be,
that the x-ray source consists of two gaussian components, a narrow, bright peak,
accounting for the sharp rise, and a wide background, accounting for the gradients
in the plateaus. An example of this is shown in ﬁgure 4.7 a. Furthermore, as the
knife edge used is tapered and not of uniform thickness, the transmission will depend
on the distance from the edge, and deviate substantially from the shape of a step
function, in particular for the higher x-ray photon energies. This is shown in ﬁgure
4.7 b. The shape of the transmission function may explain why the dark half of the
intensity distribution does not form a stable plateau, but can not explain why the
bright half has a gradient.
Assuming a gaussian source distribution and modeling the knife edge with an
ideal step function, error functions were ﬁtted to the part of the lineout that contains
the sharp rise (solid black line in ﬁgure 4.6 (a-e)). This method yields only an
approximate source size, due to a certain arbitrariness in isolating the sharp rise of
the lineout. In particular for the shot at lowest and highest density (ﬁgure 4.6 a,e),
it is not entirely clear if a sharp rise exists at all. At these densities, less electrons
were observed, which could mean, that the radiation that forms the tilted plateaus
does not stem from within channel. For the remaining data at intermediate densities
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Figure 4.6: (a-e) Lineout across the half shadow obtained for shots at various
densities show a sharp rise. All data is obtained on a single shot, with a D = 2mm
nozzle, f/3 focusing and a total energy of ' 57 J on target. The intensity proﬁle
does not fully ﬂatten on either side of the rise. (e) shows a ﬁt with a two component
gaussian source as shown in ﬁgure 4.7 and discussed in the text. (f) The sharp rise
is ﬁtted with an error function giving the source size as a function of density.
140CHAPTER 4. SYNCHROTRON RADIATION FROMA PLASMA CHANNEL
a b
-1250 -750 -250 250 750 1250
0.2
0.4
0.6
0.8
1
2.5 5 7.5 10 12.5 15 17.5 20
0.2
0.4
0.6
0.8
1
source size [+m] x knife edge [+m]
t
r
a
n
s
m
i
s
s
i
o
n
 
[
a
.
u
.
]
i
n
t
e
n
s
i
t
y
 
[
a
.
u
.
]
40+m
600+m
Figure 4.7: (a) Compound source proﬁle constituting of a four times more intense
w0 = 40m spike on a w0 = 600m background. (b) Due to the tapered shape
of the knife edge, the transmission, shown for 2:5 keV x-rays, is not a simple step
function.
(ﬁgure 4.6 b,c,d), the rise is consistent with source sizes as small as w0 = 12 40m.
The source size as a function of density is given in ﬁgure 4.6 f and suggests, that the
source size increases for small and large densities, mainly due to the disappearance
of the sharp rise. Using the two component model
I(x) = I0
R  e x2/w20;1 + e x2/w20;2
R + 1
(4.1)
the intensity lineout including tilted plateaus can be ﬁtted very accurately, if w0;1
is chosen to be tens of m and w0;2 is chosen to be hundreds of m.
Transverse images of the interaction channel taken with a probe shadowgraphy
diagnostic give evidence for increased beam ﬁlamentation with plasma density. If
each beam ﬁlament carried oscillating electrons, with the majority of electrons oscil-
lating in a central ﬁlament, the superposition of these x-ray sources can give rise to
the measured source distribution. The reason why the sharp rise was not seen in the
ﬁrst source size measurements on TAP, could be due to the absence of a strongly
radiating central ﬁlament but could also be due to the limited ﬁeld of view, contrast
and resolution of the setup on TAP.
4.3.3 Laser Intensity Scan
Electron Data: By changing the laser energy on target, an intensity scan was
carried out for a 2 mm nozzle for ne = (1:60:2)1019 cm 3. Two markedly diﬀerent
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Figure 4.8: (a) Electron energy distribution for shots with diﬀerent a0 with f/3
focusing, D = 2 mm and ne = 1:6  1019 cm 3. (b) Electron energy distribution
for shots with diﬀerent nozzle length, with f/5 focusing, a0 = 10 and ne = 1:6 
1019 cm 3.
types of electron spectra were observed (see ﬁgure 4.8 a). At moderate a0 = 13, the
spectrum is clearly non-maxwellian. Non-maxwellian spectra are regularly observed
in (self-modulated) laser wakeﬁeld acceleration (LWFA), if electrons are injected in
a small volume of space over a short period of time [24]. At high a0 = 20; 25; 27, the
spectra become more maxwellian, with a steadily increasing eﬀective temperature
Teﬀ for increasing a0. Thermalisation could be due to phase rotation of electrons
once they dephase in the plasma wave, but monotonically decreasing energy spectra
are also a characteristic of direct laser acceleration (DLA) [142, 143].
The variation of maximum electron energy and temperature Teﬀ with increasing
a0 are strongly indicative of DLA as discussed in [181].
X-ray Data: The x-ray yield was measured simultaneously with the electron
spectra, through various metal foils with 1/e cutoﬀ energy ranging from keV to tens
of keV (see section 3.5.2 and appendix 8.6 for transmission characteristics of various
ﬁlters). In the following sections we will present the data obtained from a 20m
nickel / 30m iron Ross ﬁlter pair, from which the total number of photons (in
arbitrary units)1 and the absolute number of photons in the energy (7:7 0:6) keV
1The signal yield behind the nickel ﬁlter is to ﬁrst order proportional to the number of photons
(above the 1/e cutoﬀ energy of 20m nickel), if the ﬁlter transmission (ﬁgure 3.5.2) and imaging
plate response (ﬁgure 3.14) are assumed to be ﬂat.)
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Figure 4.9: (a) Total (black squares) and (b) binned x-ray photon number (red
squares) for diﬀerent a0, corresponding to laser energies of 56  235 J, f/3 focusing,
D = 2mm nozzle and ne = 1:6  1019 cm 3. (b) Ratio of photon and electron
number Nph/Ne (open circle) for diﬀerent a0 indicating an increase in transverse
oscillation amplitude.
bin2 was derived. We shall from now on refer to these yields as the total and binned
photon number.
In ﬁgure 4.9, the total and binned photon yield per solid angle are plotted. The
total x-ray yield can be easily compared with the prediction from the synchrotron
asymptotic limit (SAL). For a  1, equation (2.129)
Nph / 1/2z0 n1/2e rNNe (4.2)
reduces to Nph / Ner, since the plasma density is constant, and the number of be-
tatron oscillations for a constant interaction length scales as N /  1 / n1/2e  1/2z0 ,
with  = 2c/!. The electron number Ne was measured (cf. lineouts ﬁgure 4.8 a).
The ratio of measured photon yield to electron number Nph/Ne, which is propor-
tional to the betatron oscillation amplitude r, can therefore be obtained and is also
plotted in ﬁgure 4.9 a. This ratio increases dramatically, by over one order of mag-
nitude, from the lowest a0 to higher a0, thus implying r also increases dramatically.
It would be thought that if electrons were wakeﬁeld accelerated, the amplitude r
2The diﬀerence in signals between the nickel and iron ﬁlter is proportional to the number of
photons in the bin (5:3 0:3) keV. Using the conversion factors in table 8.4, the absolute number
of photons per keV and srad is obtained.
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would not depend strongly on a0. The observed increase in betatron amplitude r
correlated with the change in the electron spectra strongly suggests a transition to
a regime where electrons are accelerated by DLA. In this scenario, the higher laser
intensities drive larger transverse oscillations [142]. On the other hand, for moderate
a0, this ratio is much smaller, implying that the acceleration is mostly axial (i.e. r
is small) and the radiation per electron due to transverse oscillations in the channel
is negligible. This indicates that the acceleration at moderate a0 is mostly wakeﬁeld
driven. Figure 4.9 b shows that as the total number of photons increases with a0,
also the number of photons at 5:3 keV increases.
Transmitted Spectra: This transition from wakeﬁeld dominated to DLA dom-
inated acceleration is also indicated by analysis of the transmitted laser spectra. The
spectra are more severely modulated at moderate intensity than for the higher in-
tensities, as has been observed previously [203]. Cavitation due to increasing a0
serves to inhibit Raman processes while enhancing DLA [141]. The transmitted
laser spectra obtained in this experiment are discussed in more detail in [181].
4.3.4 Plasma Density Scan
Electron Data: To aid understanding of electron acceleration in the regime of
ultrahigh laser intensities, a plasma density scan was conducted at constant laser
energy ' 85 J on a D = 5mm nozzle, using both f/5 and f/3 focusing geometries.
The density scan reveals that both the total charge, maximum energy and tempera-
ture of the electrons decrease with increasing density (see ﬁgure 4.10). The nonlinear
dephasing energy scales as / 1/ne with density, which is consistent with the exper-
imental observation, but overestimates the observed energy by several times. One
would furthermore expect a higher maximum energy from f/3 focusing due to the
higher a0, which is contrary to the experimental trend. The dominant acceleration
mechanism is therefore likely not LWFA, although some LWFA may very well occur,
in the initial phase of the acceleration, pre-accelerating electrons and providing the
electrons with the correct initial conditions for DLA and a betatron resonance to
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Figure 4.10: (a) Electron energy distribution for shots obtained with diﬀerent
plasma densities and f/3 focusing. (b) Density dependence of maximum electron
energy Emax and eﬀective maxwellian temperature Teﬀ comparing data with f/5
focusing (see left panel) and f/3 focusing. Shots were taken with a D = 5mm
nozzle, with (85 9) J/ a0 = 9 and (85 17) J / a0 = 16 for f/5 and f/3 focusing
respectively.
occur3 as discussed in [181]. If the density drops below the optimal density, both
charge, maximum energy and electron temperature decrease again (see ﬁgure 4.10).
At too low densities initial trapping and LWFA of electrons is unlikely and hence
less electrons will be injected into the channel for further acceleration by DLA.
Although the laser energy was kept constant ' 85 J for this comparison, the pulse
length and focal spot are increased for f/5 shots. This results in a reduction of a0
from ' 16 to ' 9. f/3 focusing yields lower electron temperatures and maximum
energies than in the case of f/5 focusing. This is observed over a large range of
densities as depicted in ﬁgure 4.10 b. f/3 may perform worse in terms of maximum
electron energy, because at higher a0, a higher initial e is needed for the betatron
resonance to occur (cf. (2.115)). The energy scan also reveals that LWFA is more
likely to occur for lower a0. The increased Rayleigh range of an f/5 geometry will
further favour initial pre-acceleration in the LWFA regime, seeding the DLA process
with faster electrons. The enlarged focal spot will lead to an increase in channel
size which could support more oscillating electron in the case of f/5, which also
3The electron energy in the betatron resonance scales as e / n2c/n2e(1 + a20/2) (cf. equation
(2.115)).
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favours a longer and less ﬁlamentation-prone acceleration, explaining the increase
of accelerated charge from f/3 to f/5.
Total X-ray Yield: Figure 4.11 plots the total and binned (7:70:6) keV x-ray
signal (from 20m Ni / 30m Cu ﬁlter) for a scan of density conducted with a 5
mm nozzle for a0 = 9. Below a certain density, the x-ray yield vanishes rapidly. For
increased densities, the x-ray signal stays high and drops slowly. A similar trend
was observed for the other ﬁlters. The density scaling is fundamentally diﬀerent
from other radiation mechanisms such as bremstrahlung or non-linear Thomson
scattering. The former scales / n2e when observed on-axis [204] and the latter / ne
[204]. A similar scaling of the x-ray intensity with plasma density was obtained
from LWFA and was attributed to synchrotron radiation from electrons undergoing
betatron oscillations in the plasma wake [89]. In our case, the SAL (equation (4.2))
reduces to Nph / Nener. Ne and ne have been measured. The scaling of r with
density is not immediately clear. An upper limit for r is the size of the plasma
channel, which decreases with density. However DLA will dominate over LWFA at
higher densities [140] and resonant coupling between the laser and the transverse
oscillations may lead to an eﬀective increase of r with density. This would also be
consistent with the (weak) observed increase of x-ray source size with density (see
ﬁgure 4.6 f). Assuming r to be constant, the SAL estimate using the measurement
for Ne and ne ﬁts the measured x-ray yields well (ﬁgure 4.11 a). The discrepancy
between ﬁt and data suggests a mild increase of r with density. The comparison
of ﬁgures 4.11 a,b shows, that the total x-ray yield scales similarly to the binned
x-ray yield. We also observe a 2   3 times increase in binned x-ray yield from f/3
to f/5 focusing, consistent with the increase in accelerated charge for f/5 focusing.
4.3.5 Interaction Length Scan
Electron Data: An interaction length scan was conducted at the same density
1:6  1019 cm3 that was used for the laser intensity scan. The laser energy was
reduced to ' 85 J and and the focusing geometry was switched to f/5.
The corresponding electron spectra are plotted in ﬁgure 4.8 b and exhibit two
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Figure 4.11: Total (a) and binned (b) x-ray photon signal as a function of plasma
density. Shots were taken with a D = 5mm nozzle, with (85  9) J/ a0 = 9 and
(85 17) J / a0 = 16 for f/5 and f/3 focusing respectively. The total photon yield
(a) is approximated well by the SAL (4.2).
markedly diﬀerent shapes, similar to our observations for the laser intensity scan
discussed earlier and plotted in 4.8 a. For D = 1   2mm nozzles, the distribution
is non-maxwellian. An increase to D = 3 and 5 mm yields increasingly maxwellian
spectra. There are two mechanisms that will lead to electron spectra with broad
energy spread as the interaction length is increased. In the case of LWFA, if accel-
eration in excess of the dephasing length, it will lead to an increase of the electron
energy spread in the decelerating part of the wakeﬁeld potential. In the case of
DLA, with an increase in available interaction length, the available time increases
for the laser to thermalise electrons that were pre-accelerated in the wakeﬁeld.
Technically collisions need to be present to establish a maxwellian energy distri-
bution. Nevertheless it is believed that DLA can lead to thermalisation [142, 143,
141]. One may consider pre-accelerated electrons that do not follow a maxwellian
distribution. As long as the volume they initially occupy in phase space is not
too small, such electrons will have a random phase with respect to the laser. PIC
simulations have in fact shown that electrons that start within a fraction of a laser-
wavelength, experience hugely diﬀerent acceleration trajectories and reach markedly
diﬀerent ﬁnal energy [141]. Only a small fraction of the seeded electrons will fulﬁl
the conditions for a betatron resonance. The remaining electrons will be acceler-
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Figure 4.12: X-ray photon signal as a function of interaction length D for f/5
focusing, ' 85 J, 1:6 1019 cm 3 and a0 = 10. The total photon yield (a) is approx-
imated by the SAL.
ated much less and stochastic interaction with the plasma and electromagnetic ﬁelds
(cf. section 2.4.3) will further increase the energy spread of the population. This
stochastic acceleration ultimately leads to a maxwellian energy distribution.
X-ray Data: Figure 4.12 shows the total and binned x-ray signal versus the
interaction length for f/5 focusing, 1:61019 cm 3 and ' 85 J. Applying the simple
scaling law (equation (4.2)) for synchrotron radiation reproduces the measured x-ray
yield reasonably well, despite the large oﬀset between prediction and measurement
for the third data point. In our case, the SAL (equation (4.2)) reduces to Nph /
NeLner. Ne (listed in ﬁgure 4.8 b) and ne have been measured. L is given.
4.3.6 Study of X-ray Spectrum
To obtain a spectrum of the x-rays up to six ﬁlters were used simultaneously per shot
with 1/e cut-oﬀ energies from keV to tens of keV allowing for a reliable reconstruction
of the critical energy Ecrit as discussed in section 3.5.2. In the SAL the spectrum
can be approximated by equation (3.16). Convolving the spectrum with the ﬁlter
transmission Ti(E) and the image plate sensitivity S(E), the x-ray energy deposition
Mpredicted,i can be calculated for each ﬁlter i. Minimising 2 =
P
i(Mpredicted,i  
Mmeasured,i)2 yields the best ﬁt parameter Ecrit.
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Figure 4.13: (a) Measured and modeled x-ray signal for diﬀerent ﬁlters for ne =
3:7  1019 cm 3. The ﬁlters, from left to right, are V 20 m, Ti 30 m, Ni 20m,
Fe 30 m, Al 1.5 mm and Cu 270 m. Modeling based on a SAL spectrum with
diﬀerent Ecrit. (b) Scaling of Ecrit and Teff with ne. Shots were taken with f/5
focusing on a D = 5 mm nozzle at a0 = 9.
Figure 4.13 a shows an example of a least squares ﬁt giving Ecrit = 20 keV.
The least squares procedure always yields an optimal value for Ecrit that minimises
. However  may change very slowly with Ecrit around the optimal value. This is
illustrated in ﬁgure 4.14 where we have plotted 2/2min as a function of Ecrit for shots
from the aforementioned f/5 density and interaction length scans. We ﬁnd, that
the critical energy Ecrit of the measured synchrotron radiation spectrum decreases
with increasing plasma density and increases with increasing nozzle length.
The maximum electron energy and eﬀective maxwellian temperature Teff of
the simultaneously measured electron distribution (ﬁgure 4.10) are also found to
decrease with density as plotted in ﬁgure 4.13 b. The measured x-ray signal is
therefore a ﬁngerprint of the acceleration dynamics of the detected electrons, as
described in the next section.
4.3.7 Inferring the Oscillation Amplitude from the Experi-
mental Measurements
In the case of a monoenergetic electron beam, Ecrit = 3~2z0!2pr/(2c). Even for
electron beams with a broad spectrum, not all electrons contribute to the radiation
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Figure 4.15: Figure illustrating which electron energies contribute most to the
synchrotron radiation. A sample electron spectrum is plotted in red, the radiated
energy per solid angle / 5 is shown in black, and the product is shown in blue.
equally. Low energy electrons are more abundant but high energy electrons will
radiate z05 times more energy per solid angle. Considering for example the shot
at 1:6  1019 cm 3 with Ecrit = 29 keV from ﬁgure 4.13 b, the product of these
two eﬀects is maximised for electrons with 80 < z0 < 100 as shown in ﬁgure 4.15.
Hence r = (21  5)m can be estimated. Previously oscillation amplitudes of
r = 2m have been reported in a LWFA regime [96]. An r of 21 m corresponds
to a = z0rk ' 110  1 which not only justiﬁes the treatment of radiation in
the framework of SAL, but also represents the very violent optical plasma wiggler.
With a and  of order 100, the divergence angle of the radiation   a/ ' 60
can be expected. This is consistent with the measurement in section 4.3.1.
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Figure 4.16: Four sample electron trajectories obtained from the PIC modeling,
plotting transverse deﬂection y and axial momentum px.
4.4 Numerical Modeling
Simulations with the PIC code OSIRIS (see section 3.7.2) were performed to study
if and under what conditions such large oscillation amplitudes can occur4.
Results are for a two spatial, three velocity dimensional (2D3V) simulation in
which a linearly p-polarised, diﬀraction limited laser pulse with normalised vector
potential a0 = 15:3, pulse duration  = 650 fs and wavelength 1:054m is focused
at the entrance of the plasma. The transverse proﬁle of the laser is gaussian with
a spot of w0 = 10m at 1/e2 in intensity. The plasma density proﬁle increases
linearly from zero to ne = 0:01ncrit = 1  1019 cm 3 in the ﬁrst 0.4 mm, and is
constant thereafter. In the transverse direction, the plasma density is uniform. The
simulation box is 95  637m2 and moves at the speed of light. The resolution in
the laser propagation direction z is k0¢z = 0:17.
The ponderomotive force of the laser expels virtually all of the electrons from
the region of high laser. This reduces the electron density very close to zero and
leaves an ion channel. The laser vector potential stays high over 1  2mm or 3  7
Rayleigh ranges, indicative of self-focusing. Electrons are accelerated over the full
4The modeling was carried out by M. Tzoufras, F.S. Tsung and W.B. Mori.
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length of the channel occupied by the laser to yield a spectrum with broad energy
spread and maximum energies as high as 200MeV. Electrons are not bunched at
the plasma frequency, but twice the laser frequency indicative of a DLA mechanism.
The degree of plasma wave formation is also low, and the longitudinal electric ﬁeld
can not account for the energies reached in the tail of the spectrum. The channel is
accompanied by radial electrostatic and azimuthal magnetic ﬁelds, allowing electrons
to oscillate transversely, which is a requirement for a betatron resonance to occur.
The phenomenology of the interaction is discussed in more detail in [141, 205, 181].
For the present work, trajectories of test electrons inside the channel were tracked.
All electrons indeed exhibit oscillations across the channel, but the motion is not
a simple betatron resonance oscillation. A set of sample trajectories are shown in
ﬁgure 4.16. For most of the interaction, particles 2, 3 and 4 oscillate with small
amplitudes on the order of several m without picking up signiﬁcant axial momen-
tum. Any radiation produced in this pre-acceleration phase will add little to the
measured x-ray yields. After a while, the oscillation amplitude starts to rise and
suddenly increases to 10 m. At the same time, the transverse electron energy is
found to increase, indicative of a resonant coupling with the laser ﬁeld. This trans-
verse momentum is transferred to axial momentum via the v  B force. These
particles only perform few oscillations before they lose phase with the laser due to
relativistic mass increase. Only particle 1 performs several oscillations with large
amplitudes. For electrons that hit the betatron resonance, r > 10 m is regularly
observed and only limited by the channel diameter. This is in good agreement with
the oscillation amplitude deduced from the electron and synchrotron spectra. The
wavelength of oscillation is exemplarily shown for particle 3 in ﬁgure 4.16 and is
' 160m. Using ! = !p/
p
2, a betatron wavelength of  = 160m at the given
density corresponds to an energy of  ' 140, which agrees well with the longitudinal
momentum of the electron at this time. The observed oscillation is therefore indeed
a betatron resonance.
152CHAPTER 4. SYNCHROTRON RADIATION FROMA PLASMA CHANNEL
Table 4.1: Parameters of synchrotron x-ray sources.
Vulcan PW [89, 93]
laser energy [J] 90 1
laser duration [fs] 500 30
laser a0 10 1
ne cm 3 1:6 1019 1:0 1019
Teff MeV 10 20
Wmax MeV 100 200
electron FWHM 11 5
solid angle [srad] 0:03 0:006
charge [nC] 8 0.4
electrons 5 1010 3 109
energy in beam [mJ] 80 8
x-ray FWHM 50 2:0
solid angle [srad] 0:6 0:001
source size [m2] 400 400
Ecrit 30 4
yield [ph/keV/srad] 5 1010 3 1010
brightness @ Ecrit/4
[ph/s/mm2/mrad2/0:1%BW] 7 1018 8 1018
energy in beam [mJ] 2 2 10 5
laser electron conversion 10 3 10 2
electron x-ray conversion 10 2 10 6
laser x-ray conversion 10 5 10 8
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4.5 Discussion
Making use of the x-ray measurements with diﬀerential ﬁlters, absolute photon
numbers can be determined. Under optimum conditions, the photon yield is 51010
ph/keV/srad at Ecrit/4 ' 8 keV which amounts to a total of 1012 photons when
integrated over the spectrum and solid angle of the beam. This can be compared
with the results of the ﬁrst experimental characterisation of a betatron sources
reported in [89, 93]. At similar plasma density, but with ten times smaller laser
normalised vector potential and hundred times smaller laser energy, the photon
yield 2:5 1010 ph/keV/srad at Ecrit/4 ' 1  2 keV is similar but the total number
of photons 108 when integrated over spectrum and solid angle is 1000 times smaller.
In our work, the electron acceleration is strongly inﬂuenced by the very high
a0 & 10. Direct laser acceleration, i.e. resonant driving of the transverse electron
oscillations leads to an increase in the oscillation amplitude. This becomes manifest
in the observed synchrotron spectra with Ecrit as high as (365) keV and divergence
 > 45. Our x-ray beam typically contains a total energy of 2 mJ, i.e. 10 2 of the
total energy in the relativistic electrons or 10 5 of the total energy in the laser pulse.
10% of the x-ray energy is emitted above 50 keV.
When electrons are predominantly accelerated by the wakeﬁeld, as is the case
for the work reported in [89, 93], a ten times higher laser to electron energy conver-
sion eﬃciency is observed, yielding electron beams with similar spectra but smaller
divergence as compared to the DLA case.
In both cases, the peak brightness of the x-ray beam is estimated from the pulse
duration of the laser and the x-ray source size to be in the high 1018 ph/s/mm2/mrad2/0.1%
BW, similar to 2nd generation wigglers. The amount of x-ray energy radiated per
electron (electron x-ray energy conversion eﬃciency), however is increased by a
factor of 104 when electrons are forced to oscillate vigorously due to a betatron res-
onance. This illustrates that the problem of radiation damping will become more
important for ultra-high irradiance laser plasma interactions [206].
A complete list of laser, electron and x-ray beam parameters comparing the two
acceleration and radiation regimes is given in table 4.1.
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4.6 Conclusion
In this chapter we reported on the observation of synchrotron x-ray radiation from
relativistic electrons produced from a gas target irradiated with a petawatt laser.
The x-ray measurements provide information about the dynamics of the laser-plasma
acceleration. For moderately relativistic pulses, the x-ray radiation indicates a
small betatron amplitude, which correlates with non-maxwellian electron spectra
and modulated transmitted optical spectra, all indicative of wakeﬁeld acceleration.
For increased laser intensity stronger x-ray emission indicates a larger betatron am-
plitude, and electron enter a highly radiative regime with several % of their energy
converted into x-rays. In this case, electron energy gain is mainly due to a betatron
resonance with the laser ﬁeld, which serves to thermalize the electron spectra. Large
amplitude transverse oscillations give rise to an x-ray beam that extends beyond
50 keV and that is well described in the synchrotron asymptotic limit. The critical
energy of the measured synchrotron spectrum is found to scale as the maxwellian
temperature of the simultaneously measured electron spectra.
A particular beneﬁt of the DLA dominated regime is the ability to realise a
plasma wiggler with much higher strength parameter as compared to the wakeﬁeld
regime. This leads to an x-ray source that extends to much higher energies than
previously achieved while sharing the beneﬁts of brightness, short pulse duration
and laser-synchronization with other all optical synchrotron sources [89, 96, 93]. A
hard x-ray synchrotron source could signiﬁcantly expand the current scope of x-ray
diﬀraction, spectroscopy and imaging studies in ultrafast x-ray science.
Chapter 5
Near GeV Acceleration of
Electrons by a Self-Guided Laser
Pulse
5.1 Motivation
Tremendous progress in LWFA in the ﬁrst years of 2000, the prediction [17] and
realisation [18, 19, 20] of monoenergetic beams and the ambition to scale energy
gain up to the GeV level, had helped make the case for the development of a new
breed of multi-100 TW short pulse lasers, e.g. Astra Gemini.
Higher laser powers are necessary for the following three reasons:
1. To scale up energy gain, it is necessary to increase the dephasing length by
reducing the density (cf. section 2.3.9). For matched focusing, the ratio of
dephasing and diﬀraction length increases Ld/Ldiﬀ / a 1/20 n 1/2e > 1 and is
typically larger than one. Maximum energy gain at lower densities thus be-
comes increasingly reliant on self-focusing P > Pcrit / n 1e .
2. To obtain monoenergetic electron beams of highest quality, a nearly spherical
bubble needs to be driven with a0 & 4 and with a matched spot size w20 / n 1e
that increases with decreasing density (cf. section 2.3.8).
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3. To beneﬁt from rapid and repeatable self-injection and stable acceleration,
without the need of nonlinear pulse-evolution a0 ' 4  6 (cf. section 2.3.8).
Because of (1), it is usually thought that to ensure acceleration to the dephasing
length, a plasma waveguide must be employed [27, 207, 110]. However, experiments
without guiding channels have also demonstrated close to dephased acceleration
and self-focusing (over a few Rayleigh lengths zR) [20, 208]. In these experiments,
however, since the acceleration was only over millimetres, the energy gain was only
of order  0:1 GeV. Moreover, the limited laser power for the ﬁrst experiments
[18, 19, 20] meant a0  1, which, because of (2) and (3), was thought to have
impacted on the electron beam quality and reproducibility.
The goal of the ﬁrst experiments of LWFA with the new Astra Gemini laser at
200 TW was therefore not only to scale the LWFA to GeV level energies. Particular
emphasis was also placed on studying self-guiding over many Rayleigh ranges zR
and reproducibility of electron beam parameters by entering the bubble regime more
directly. Moreover, LWFA in the bubble regime opens the door for the production
of bright, high quality x-ray beams via the betatron mechanism, as discussed in the
following chapter 6.
5.2 Setup and Parameters
5.2.1 Experimental Setup
TheAstraGemini laser facility was used for these experiments (see appendix 3.1.4).
The experimental set-up is shown in ﬁgure 5.1. The beam enters the interaction
chamber vertically from the top along a well deﬁned axis. The beam then reﬂects of
two mirrorsM1 andM2 and a paraboloid P , which focuses the pulse energy onto the
front of the circular gas jet nozzle with diameters 3, 5, 8 or 10 mm. The paraboloid
has a focal length of f = 3 m and an F-number F = f/d = 20 = f/20. For probing
purposes, a small fraction of the main beam energy in a small beam is extracted
after mirror M1 by means of a 1 cm diameter pick-oﬀ mirror PM and consequently
expanded to 3 cm diameter with a telescope T . The probe light is reﬂected oﬀ of
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Figure 5.1: Schematic of experimental set-up used for Astra Gemini self-guided
wakeﬁeld experiment.
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several 2" mirrors PM2 to PM7, through which its arrival time with respect to
the main beam can be varied between < 0 and several tens of picoseconds. The
probe light is polarised in the horizontal plane whereas the main beam is polarised
in the vertical plane. Probe light and side scattered light from the interaction region
is collected and relay imaged with lenses L1 to L3, a mirror PM8 and two beam
splitters BS1 and BS2 onto three 12 bit CCD cameras (QImaging, type QiCam)
and diagnosed in three diﬀerent ways.
 Side-scattered light is imaged onto a ﬁrst camera.
 A shadowgraph was taken by imaging the transversely directed probe beam
with another camera.
 The probe beam was also passed through a Normarski type interferometer to
obtain an image of the interaction and infer the plasma density (cf. section
3.2).
The laser light transmitted through the interaction was picked oﬀ with a glass
plates HGP and collimated and transported out of the chamber with a spherical
mirror SM1, parallel glass plate PG1, wedge-shaped glass plate W1 and mirror
M3. Outside, the collimated beam is focused again with an identical spherical
mirror SM2, mirrors M4 to M9, parallel glass plate PG2, wedge-shaped glass plate
W2 and beam splitters BS3 and BS4. This system forms a 1 : 1 image of the
the transmitted laser beam (exit mode) at the back end of the gas jet nozzle. The
image of the exit mode was magniﬁed with a microscope objective and imaged onto
a 12 bit camera to study the detailed transverse mode proﬁle and the quality of
guiding. The energy of the transmitted light was measured with a photodiode, the
spectrum with a Czerny-Turner spectrometer and the pulse duration with a spectral
interferometer as discussed in [181, 182].
The glass plate HGP has a 1 cm diameter hole in its middle, allowing energetic
electrons from the interaction region to pass through and be diagnosed with an
electromagnet spectrometer (section 3.4.2). For a small number of shots, x-ray
radiation from the interaction was characterised with a CCD camera. A detailed
study of this will be the emphasis of a follow-up experiment discussed in chapter 6.
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Figure 5.2: Summary of important laser focal spot parameters as measured on
various days of the experiment.
To measure the electron beam proﬁle, a secondary lanex screen could be trans-
lated into the electron beam in exchange for the pick-oﬀ HGP , preventing data
recording on the exit-mode diagnostics, and the x-ray CCD camera. The translation
stage was motorised to readily change between the two experimental conﬁgurations.
Typically a series of shots on the lanex screen were recorded ﬁrst, before studying
the electron spectrum and exit-mode on subsequent shots for a given electron plasma
density.
Not included on the drawing of the experimental setup 5.1 is a top-view diag-
nostic imaging the interaction from above onto a CCD camera with a ﬁeld of view
large enough to cover the entire gas jet and its immediate periphery. The purpose
of the top view is to verify nozzle alignment and monitor the overall shape of the
plasma channel.
The most important focal spot parameters are summarised in ﬁgure 5.2 for sev-
eral days of the experiment. The focal spot diameter changed somewhat from day-
to-day and was on average 2whwhm = (22  4)m or w0 ' 19m at 1/e2 of inten-
sity. Thus, zR = 2Fw0 ' 760 m. Depending on the day, typically (50  5)% to
(22  2)% of the pulse energy was within the diameter 2whwhm. Experiments were
carried out with up to (10:80:6) J of energy on target. This corresponds to powers
up to 200 TW, peak intensities up to 1:9 1019 Wcm 2 and peak normalised vector
potential of a0 = 3:9. A sample image of the focal spot is shown in ﬁgure 3.8. The
laser pulse duration is (55 5) fs.
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5.2.2 Experimental Procedure
For each day, the laser far ﬁeld was imaged with a microscope objective onto a 12
bit CCD camera mounted on a separate motorised x  y  z stage behind the target
stage. A vertical 20 m wire attached to the outside of the gas jet nozzle was then
moved until it appeared in focus on that CCD camera (¢z ' 200 m) and its tip
overlapped with the laser beam (¢x; y ' 10 m). The wire tip is a known distance
in x   y   z from the front edge of the gas jet nozzle and after the wire had been
aligned, the nozzle was translated to bring its front edge to the position of tightest
laser focus, with a precision of ¢x; y; z ' 200 m. Time-consuming full power shots
scanning the target position in x  y  z were therefore unnecessary to ﬁnd a nozzle
alignment that is ideal in an experimental sense, meaning foremost that it allows for
a stable beam of electrons. The position of tightest laser focus was found to vary
mostly in z-direction, by as much as 1 mm from day to day. Once it was located
with the wire tip, all side-view diagnostics and exit-mode diagnostics were aligned
to the ﬁnal position. The LABView control program was used for the experiments
(cf. section 3.6.1).
5.3 Measurements of the Electron Beam Proﬁle
In the following section the results of the experimental characterisation of the elec-
tron beam proﬁle will be presented.
5.3.1 2D Images of Electron Beam Proﬁles
Figure 5.3 shows the sum of several electron beam proﬁles obtained by focusing a
laser onto the front edge of a 10 mm gas jet nozzle at various densities (for parameters
see ﬁgure caption). The electron beam proﬁle for each shot would typically consist
of a single ﬁlament, following roughly the axis of the laser beam. Comparing panels
a,b,c and d,e,f shows that for increasing plasma density, the electron beams are
more scattered around the laser axis, ﬁlaments are less contiguous and a uniform
background builds up containing an increasing portion of the beam charge.
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Figure 5.3: Sum of several single shot electron beam proﬁles, obtained from a
10 mm gas jet with electron density of 3.8, 5.5, 6.8, 3.5, 5.4 and 7:2  1018 cm 3,
respectively. Each circle indicates the location of a beamlet, typically obtained from
a single shot, and the plus indicates the direction of the laser. The vertical laser
pointing stability changed from 7m (a,b,c, day 7) to 13m (d,e,f, day 2) which
worsened the electron beam pointing.
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5.3.2 History of Electron Beam Characteristics
The deviation of the ﬁlament centre of mass from the laser axis and the 1/e widths
of the ﬁlament in the horizontal and vertical direction can be computed. The As-
tra Gemini laser is a new facility, that was still improving during the course of
this experimental campaign. The characteristics of the electron beam proﬁle were
therefore monitored for approximately 1000 consecutive shots.
Figure 5.4 a,b and c show the resulting history of the horizontal and vertical
beam pointing and beam divergence (mean of horizontal and vertical). The colours
correspond to the nozzle size employed, which was varied from 5 (red) to 8 (green)
and 10 mm (blue) diameter. The black and magenta lines represent a moving average
and corresponding standard deviation of the electron beam parameters and the laser
energy (averaging over consecutive shots weighted with a gaussian function of width
100 shots).
It is obvious from the ﬁgure that the electron beam characteristics experience
a signiﬁcant scatter, which is partially due to and depends on the experimental
parameters not being held constant across the data set. Indeed the data was taken
over the course of one week, with regular changes to plasma density and somewhat
changing laser parameters such as pulse duration, pulse contrast, pulse energy, focal
spot position jitter and focal spot size and energy within the FWHM of the focal
spot. Except for the pulse duration and contrast, these parameters where monitored
on a daily basis and are summarised in ﬁgure 5.2 and 5.4 a: over the course of the
displayed shots, the laser energy was approximately constant with local minima
at (8:0  1:2) J and maxima at (10:1  1:1) J, the jitter in horizontal focal spot
position was subject to a small increase from 3m to 5m, the jitter in vertical
focal spot position was subject to a signiﬁcant decrease from 13m to 7m, the
focal spot size was subject to an asymmetric increase from ((20 2) (20 2))m2
to ((30  5)  (19  2))m2 FWHM in the direction perpendicular to the vertical
laser polarisation, and the energy within the FWHM was subject to a decrease from
(50 5)% to (24 2)% reﬂecting a decrease of focal spot quality or strehl ratio.
This is to say that except for the signiﬁcant improvement of vertical focal spot
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position stability, the quality of the laser pulses was worsening over the course of
the experiment. Therefore it appears that the deteriorating beam parameters under
consideration have no overall signiﬁcant detrimental eﬀect on the electron beam
characteristics. The electron beam pointing varies between 8 and 5mrad, the
vertical pointing varies between 8 and 3mrad and the electron beam divergence
varies between 10 and 3mrad. As we will see in the next sections, the electron
beam parameters depend on density, but this dependency can not be inferred from
ﬁgure 5.4 as density was varied throughout the experiment every day.
There is however one signiﬁcant correlation between laser beam parameters and
electron beam parameters that can be inferred from ﬁgure 5.4. Comparing the data
from the 10 mm nozzle it can be seen that changing the jitter in vertical laser focal
spot position from 7m to 13m, results in an worsening of the electron beam
divergence from 4 to 9mrad and vertical pointing stability from 3 to 6mrad. The
worsening is also obvious from the corresponding electron beam proﬁles plotted in
the top and bottom panels of ﬁgure 5.3, respectively.
5.3.3 Density Threshold for Beam Observation
The observation of electron beams on the beam proﬁle diagnostic was found to
be correlated with plasma density. For all the gas jet nozzles employed, a density
threshold was found below which no electron beams appear. The density threshold
was 2  3 1018 cm 3 for the 10 mm nozzle and increases to 3  4 1018 cm 3 for
the 8 mm and 5 mm nozzle (see ﬁgure 5.5 a). For densities above these thresholds,
electron beams were observed for 80   100% of the shots. The reduced threshold
for the longest nozzle suggests that at lower densities, a longer interaction length
allowed for the laser pulse to evolve to a state where it could trigger injection.
Including all shots on the 10 mm nozzle displayed in ﬁgure 5.4, the electron charge
increases from 0 to (200 100) pC around the density threshold and stays constant
for higher densities up to an experimental limit of ' 1019 cm 3 (see ﬁgure 5.5 b).
The electron charge, however was found to scale strongly with interaction length, as
we will see later.
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Figure 5.5: (a) Electron beam likelyhood for diﬀerent nozzle and (b) charge from
a 10 mm nozzle as a function of plasma density. Plots include all relevant data from
ﬁgure 5.4.
5.3.4 Density Dependence of Beam Divergence
Figure 5.6 shows the horizontal and vertical 1/e-divergence of the electron beam
as a function of plasma density for shots with various nozzles. It can be seen that
the electron beam divergence assumes a minimum for both data sets, both in the
vertical and horizontal direction, at an intermediate density.
It is furthermore obvious (ﬁgure 5.6) that the minimum horizontal and verti-
cal beam divergence was smaller for the 10 mm nozzle than for the 5 mm nozzle
(panel a). In all cases, the beam was collimated less tightly in the direction of
laser polarisation (vertical). The elongation of the electron beam was not caused by
asymmetric laser focal spot. These observations will be discussed in more detail in
section 5.7.2.
5.3.5 Eﬀect of Nozzle Alignment on Beam Pointing
Besides the plasma density, the detailed alignment of the nozzle with respect to the
focal position of the laser has an inﬂuence on the electron beam parameters. Figure
5.7 a shows horizontal and vertical electron beam pointing for a series of shots on the
10 mm nozzle where the distance between nozzle edge and laser axis has varied as
illustrated by the shadowgraphs in ﬁgure 5.8. Reducing the separation, i.e. shooting
closer to the nozzle greatly reduced the beam pointing variation from 15mrad
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Figure 5.6: Electron beam divergence as a function of plasma density for (a)
the 5 mm nozzle and (b) the 10 mm nozzle. For laser parameters see ﬁgure 5.2
and 5.4a for days 1 and 2 respectively. The solid black lines are a moving average
(averaging over shots with diﬀerent densities weighted with a gaussian function of
width 2 1018cm 3).
at 1.5 mm to 5mrad at 0.5 mm. This also contributed to the improvement of
electron beam stability with laser pointing stability reported above. Shooting closer
to the nozzle provides a sharper density transition (cf. section 3.2) which may be
favourable to the production of stable electron beams. This will be studied in more
detail in future experiments. A similar eﬀect was observed (see ﬁgure 5.7 b) by
moving the nozzle orthogonal to this direction and the laser axis. Moving the nozzle
one way preferentially steered the electron beam in the opposite direction. When
the laser is incident on a refractive index transition with an angle 6= 0, it is refracted
away from the normal, which can explain the observation for a cylindrical region
of plasma. This means the nozzle eﬀectively acts as a negative lens [209]. For the
electron beam to follow the laser axis, the nozzle has to be placed with its centre on
the laser axis.
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5.4 Electron Beam Spectrum
5.4.1 Experimentally Observed Trends
Figure 5.9 shows four series of spectrally dispersed electron beams at the exit of the
magnetic electron spectrometer obtained from a 3 (a), 5 (b), 8 (c) and 10 mm (d)
supersonic gas jet nozzle at a density of (6:1 0:8) 1018 cm 3. The shots in each
of the four series a, b, c, and d were taken consecutively and are representative for
the experimental conditions.
Several things are evident from ﬁgure 5.9 and 5.10. Narrow energy spread fea-
tures were produced regardless of nozzle size. The shortest nozzle (3 mm) exhibits
electron beams with relatively smallest energy spread. Both the energy of the mo-
noenergetic feature and the number of such features increase with nozzle size. The
total charge also shows an overall increasing trend with interaction length. The
observed trends will be discussed in section 5.7 and 5.6.
5.4.2 Density Dependence of Electron Energy
Figure 5.11 shows the energies of the (most energetic) narrow energy spread features
as a function of plasma density obtained for diﬀerent nozzle sizes. It is evident that
the peak electron energy increased as the plasma density was reduced down to a
threshold, below which it decreased again, as injection and electron beam production
began to cease. The threshold was somewhat larger than the density 1 1018 cm 3
at which the matched spot size dFWHM;m = pp2(P/Pcrit)
1/6 = 23m was no longer
(signiﬁcantly) smaller than the vacuum focal spot size. The smaller the density, the
less intensity ampliﬁcation due to self-focusing can be expected.
For the following we will be looking at our data, assuming the validity of the
bubble regime. To emphasize the shots that have produced the highest energy at
any given density, we plot them separately in ﬁgure 5.11b. From this ﬁgure it can
be seen, that at least on a select few shots, electron energy gain of several 100
MeV to nearly 1 GeV was obtained. To answer the question why a lot of shots
yield signiﬁcantly less energy (see ﬁgure 5.11a), it will be useful to understand the
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Figure 5.9: Images of spectrally dispersed electron beams from the electron spec-
trometer for (a) 3 mm, (b) 5 mm, (c) 8 mm and (d)10 mm gas jet nozzles at a
density of (6:1 0:8) 1018 cm 3.
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Figure 5.11: (a,b) Energy of the (most energetic) narrow-energy spread feature
as a function of density for diﬀerent nozzle sizes. (b) Filled symbols highlight the
maximum achieved peak energy for each density. The lines represent predictions by
non-linear scaling laws [121].
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physics (in the picture of the bubble regime) behind those select shots, that yielded
maximum energy gain. We will see later, that modeling suggests that ﬂuctuations
in the laser a0 could be responsible for the observed ﬂuctuation of maximum energy
gain.
From this it can be seen that higher electron energies can be obtained from the 8
and 10 mm nozzle compared to the 5 mm nozzle at all densities. Futhermore, the 8
and 10 mm nozzle yield almost identical peak energies across all densities except at
the lowest densities, where the electron energies are higher for the 10 mm nozzle. As
shown by the grey and dark grey lines in ﬁgure 5.11b, the peak energy for the 8 mm
and 10 mm nozzle are predicted by the nonlinear scaling modelW bubmax = 23mec
2a0

nc
ne

(equation (2.109)) for an a ' 6 rather than an a = a0 ' 3:9. This strongly suggests,
that at least for the shots that have yielded highest electron energy gain at any
given density, as the laser pulse evolves, its intensity must have increased over the
vacuum value. For the remaining shots in ﬁgure 5.11a with lower energy gain, less
or no pulse ampliﬁcation would have been necessary to explain the measurement if
the bubble regime is assumed to be valid.
As discussed in section 2.3.8, it has been suggested that despite initially not
perfectly matched, the pulse waist and intensity should evolve to matched conditions
for the used laser power P and plasma density ne resulting in the modiﬁed scaling
model W bubmax = 43mec
2 (P/Pcrit)
1/3

nc
ne

, which constitutes a somewhat worse ﬁt to
the experimental data as shown by the dashed black line in ﬁgure 5.11 b.
5.4.3 On Electron Energy Stability
Figure 5.9 shows a signiﬁcant ﬂuctuation of the energy of mono- and poly-energetic
features, in particular for the longer nozzles. The maximum energy W bubmax / a is
proportional to the normalised vector potential and therefore indirectly depends
on the focal spot characteristics pulse energy, spot size, energy within FWHM and
their stability. According to ﬁgure 5.9, the shots on the 3 and 5 mm nozzle give a
much better energy stability than the shots on the 8 and 10 mm nozzle, which may
partially be due to somewhat stabler laser parameters (listed in ﬁgure caption). To
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Figure 5.12: Sideview (left) and topview (right) images of the (a) 5 mm, (b) 8 mm
and (c) 10 mm nozzle at 5:5 1018 cm 3 for 9 J of laser energy.
ascertain the impact that small variations in laser focal spot parameters have on the
electron energy gain and reproducibility, numerical simulations were conducted and
will be discussed in section 5.6.3.
5.5 Laser Guiding
We have seen in the previous section that the electron energy gain increased with
interaction lengths up to ' 10mm or ten times the Rayleigh range zR. This raises
the question if and how such a long interaction length could be maintained. We
have therefore studied laser guiding with a variety of optical diagnostics. Here we
present results from side, top and exit-mode imaging.
5.5.1 Typical Images of Channel
Figure 5.12 shows typical sideview (shadowgraphy) and top-view images obtained
from the 5, 8 and 10 mm nozzle at laser and target parameters (9 J, 5:51018 cm 3)
that were found to produce good electron beams in the previous section. The images
show channels extending over the full length of the nozzles. The channel is of conical
shape with an angle close to the focusing angle of the laser. At the beginning of
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Figure 5.13: (a) Exit mode size measured at diﬀerent distances from the plane of
tightest focus (0mm) showing the eﬀect of natural beam diﬀraction. (b) Exit mode
size measured at 1  3:5mm behind an up to ' 9mm channel as a function of input
laser energy. The dashed horizontal line indicates the size of the focal spot when
measured with a high magniﬁcation microscope objective.
the channel, just behind the focal spot position of the laser, bright self-emission of
the laser is visible from side and top. This is indicative of an initially longer laser
pulse that evolves to a shorter, more intense pulse. This has been seen before in the
regime of SM-LWFA and forced LWFA [210]1.
5.5.2 Natural Diﬀraction of Laser Beam in Vacuum
We studied the natural diﬀraction of the laser pulse going through focus in vacuum.
Measurements were carried out at full power (' 10 J, 55 fs) with the exit mode
imaging diagnostic (cf. section 5.2.1). The beam size as a function of distance from
best focus (spherical mirror position) is plotted in ﬁgure 5.13 a. It shows that the
focal spot has a minimum of ' 22m, which is consistent with an independent low
power measurement with a camera and microscope objective inside the chamber
(indicated by dashed horizontal red line). The beam size increases on either side of
best focus, in particular to ' 100m at 10 mm behind best focus. Sample images
of the beam proﬁle in vacuum at 0 and 10 mm are shown in ﬁgure 5.14 (top).
1Scattering at the laser frequency may also contribute but incoherent Thomson scattering is of
extremely low intensity.
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Figure 5.14: (a) to (g) are background subtracted 2D images of the laser mode
for various conditions; (a) in vacuum at position of optimal focus z = 0, revealing
dFWHM = 22(2)m; (b) in vacuum at z = 10 mm (or  13zR), showing a diﬀracted
beam with non-uniform intensity due to non-ideal beam and imaging quality; (c) to
(g) at z = 10 mm with gas jet activated and laser powers of: (c) 180 TW, (d) 60
TW, (e) 30 TW, (f) 20 TW and (g) 7 TW. (c2) to (c6) are for the same conditions as
(c). All shots taken with  = 55 fs and ne = 5:7 (0:2)1018 cm 3 where applicable.
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5.5.3 Laser Guiding: Energy Scan
The laser energy was scanned, and the channel length on side and top-view was
monitored along with the quality of guiding on the exit-mode diagnostic, when
the gas jet was ﬁred. Measurements were carried out with the 10 mm nozzle at
a density of 5:7  1018 cm 3, which had previously been found to produce highest
electron energies. As the laser energy is increased from 0 to ' 2 J the beam size
is found to decrease from the size of a diﬀracted beam in vacuum, to a minimum
barely larger than the size of the vacuum focal spot, as shown in ﬁgure 5.13 b.
Shadowgraphy images show that it takes at least ' 1 J of laser energy to produce
a channel extending all the way to the end of the nozzle. As the laser energy is
increased beyond ' 2 J to ' 10 J, the size of the exit mode is found to become more
volatile and may actually increase somewhat. The increase however may also be due
to accidentially imaging the exit mode ' 2mm after the end of the channel for the
second half of the data in ﬁgure 5.13 b.
Two-dimensional images corresponding to the conditions indicated by the dashed
vertical blue lines in ﬁgure 5.13 are shown in ﬁgure 5.14. For high laser powers,
guiding is good and the beam proﬁle typically consists of a well guided ﬁlament
of the size of the input beam, surrounded by an unguided halo (ﬁgure 5.14 c).
The expanding plasma cone (see also ﬁgure 5.12) is presumably produced by the
unguided halo, but there is a central guided ﬁlament which propagates at suﬃciently
high intensity to drive a large amplitude plasma wave. Figures 5.14 c-g highlight
that self-guiding becomes less eﬀective for decreasing laser powers. The threshold
power for self-focusing to be eﬃcient at the given density and to be in the bubble
regime is P  8Pcrit = 85:2TW ' 40TW for a density of 5:71018cm 3 [121]. An
input power of around 30 TW indeed seems to be the threshold for good self-guiding
(ﬁgure 5.14 e).
Measurements of the transmitted energy with a calibrated diode show that there
is typically 30% energy transmission at the end of the interaction, and that half of
this transmitted energy is in the central spot (of 2w0 = 22m ' p). Assuming no
pulse compression, we calculate that there is P = 5TW within the guided central
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Figure 5.15: Side-view (left) and top-view (right) images of the 5 mm nozzle at
6:8 1018 cm 3 for (a) 4 J and (b) 9 J of laser energy.
ﬁlament at the end of the interaction for conditions shown in ﬁgure 5.14 e which is
comparable to the threshold Pcrit = 5:2TW for self-focusing at this density (5:7 
1018cm 3).
Higher laser energy at constant density or higher density at constant laser energy
gives rise to jet-like features originating from close to the laser focal spot position
and deviating away from the main channel axis, predominantly directed towards
the nozzle (higher density region). The jets carry laser light as can be seen by the
increased level of scatter from the nozzle in the top-view images. This is shown
exemplarily for a 5 mm nozzle in ﬁgure 5.15. The reason for this and possible
implication on electron acceleration will be discussed later (section 5.7.5).
5.5.4 Laser Guiding: Density Scan
Next, the quality of laser guiding was studied as a function of plasma density, for
constant laser energy and nozzle size. Figure 5.16 shows the exit-mode size obtained
with (9:50:6) J and a 10 mm nozzle. Despite its variability, the data suggests better
guiding at intermediate densities, where the guided mode size is close to the input
mode size and suboptimal guiding at both lower and higher densities. It is striking
that guiding is best (smallest mode and volatility) at a density of ' 5:7 1018 cm 3
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Figure 5.16: Exit mode size as a function of plasma density for (9:5 0:6) J on a
10mm nozzle, imaged ' 2mm behind the ' 9mm channel.
which was previously found to be the condition of highest electron energy.
5.6 Numerical Modelling
Motivated by our initial 2D modeling [211] and the ﬁrst experimental observation
of GeV scale energy gain in a self-guiding laser wakeﬁeld accelerator, modeling was
carried out2 in three dimensions for this work. Full scale 3D simulations are com-
putationally very expensive but can give a more accurate insight into the modeled
experiments as compared to 2D modeling.
5.6.1 Reduced 3D Quickpic Simulation
A simulation was carried out with the reduced PIC code QuickPIC (cf. section
3.7.3). A laser with wavelength 0:8m, normalised vector potential a0 = 3:85, spot
size w0 = 19m (1/e2 intensity half waist) and duration 55 fs was initialised at the
beginning of a transversely uniform pre-formed plasma. The plasma density rose
linearly in the ﬁrst 0:65mm to 5:7 1018 cm 3, stayed constant for 7:3mm and fell
linearly to zero in 1:2mm. The modeling used laser and plasma parameters that
were determined experimentally. The simulation box, which moves at the speed of
light, is of size 250  250  80m3, divided into 512  512  256 grid cells, with 4
2reduced modeling courtesy of J. Veira and full modeling courtesy of S.M. Martins.
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Figure 5.17: Evolution of (a) normalised vector potential a0 and (b) spot size w0
(1/e2 intensity half waist) and bubble radius R as a function of interaction length,
obtained from QuickPIC simulation.
quasi-particles per cell. The quasi-static approximation (cf. section 3.7.3) however
can not be used to examine the physics of self-injection. Therefore, an electron beam
with charge 0:16 pC and initial  = 200 was placed at the back of the ﬁrst plasma
period, where the electric ﬁeld is maximum.
Figure 5.17 shows the evolution of the laser normalised vector potential a0, the
beam waist w0 and the bubble radius R as a function of interaction length. The
interaction can be separated into two phases. In the ﬁrst millimeter, the laser
experiences strong self ampliﬁcation leading to an increase of a0 by a factor of three
to a maximum of a = 13. At the same time, the spot size w0 and bubble radius R
reduce by about the same factor, to a minimum of 8 and 10m respectively, similar
to the matched value of w0m ' R = 2pa0/kp = 8:8m for ne = 5:7 1018 cm 3.
In the second phase of the acceleration, from about 2 to 8 mm, the laser nor-
malised vector potential, spot size and bubble radius vary by much less and oscillate
about equilibrium values. The spot size oscillates between 8 and 16m, indicative
of self guiding. At the same time, the variation in bubble radius R is even smaller,
which means the acceleration is stable as accelerating gradient scales with / pR.
Stable acceleration leads to a continuously increasing energy gain that starts to
saturate after ' 6mm, as shown by the dashed red line in ﬁgure 5.18 a3. Figure
3Here, the energy gain is plotted, subtracting the initial energy of the electron bunch.
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Figure 5.18: (a) Electron energy gain as a function of plasma length obtained
for a laser with a0 = 3:9, FWHM = 55 fs pulse duration and dFWHM = 21m focal
spot focused into a plasma with ne = 5:5  1018cm 3 from the experiment (black
circles) and from numerical modelling with Quickpic (dashed red) and Osiris (1st
injection, light blue triangles, 2nd injection, blue squares). The horizontal error
bars are the uncertainty in FWHM length of the plateau of constant plasma density
(nozzle) The vertical error bars is the ¢E/E due to 5mrad electron beam pointing
uncertainty into the slitless spectrometer. (b) Fully deconvolved electron spectra
corresponding to the data in panel (a).
5.18 b shows experimentally obtained electron spectra for a range of nozzle sizes,
with laser and plasma parameters very close to the parameters of the simulations.
The spectra represent the best results obtained in the experiment. The energy of the
leading peak is also plotted into ﬁgure 5.18, as black circles, alongside the simulation
results. Error bars are explained in the ﬁgure caption.
There is good qualitative agreement between the QuickPIC and experimental
results. It is in fact only the 3rd experimental data point from the 8 mm nozzle,
that falls signiﬁcantly short of the prediction by the QuickPIC modelling. For the
remaining data points the agreement is almost within the experimental error.
5.6.2 Full 3D OSIRIS Simulation
The fact that the measured energy gain increases further as the interaction length is
increased beyond 6mm and the observation of multiple accelerated bunches, which
can not be modeled with Quickpic suggests a more complete modeling with the
full PIC code Osiris.
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Figure 5.19: The temporal intensity proﬁle of the laser was initialised by a 3rd
order polynomial function in OSIRIS, which is a good approximation of a real
gaussian or sech2 proﬁle.
Results are shown for a three-dimensional simulation in which a linearly po-
larised, diﬀraction limited laser pulse with normalised vector potential a0 = 3:85
is focused at the entrance of the plasma. The longitudinal proﬁle of the laser
is symmetric and given by 10 3   15 4 + 6 5, with  = p2(t   t0)/FWHM, and
FWHM = 55 fs, which is a good approximation of a gaussian or sech2 intensity
proﬁle (see ﬁgure 5.19). The transverse proﬁle of the laser is gaussian with a spot
diameter of dFWHM = 22m or a half-waist w0 = 19m at 1/e2 in intensity.
At the centre of the box, the plasma density proﬁle increased linearly from zero
to ne = 5:7  1018 cm 3 in the ﬁrst 0:65mm, was constant for 7:3mm, and falls
linearly to zero in 1:2mm. In the transverse direction, the plasma density falls
linearly from the center until the edges of the box to 5:1 1018 cm 3.
The simulation box was 71143143 m3, moved at the speed of light, and was
resolved with 3500 256 256 cells. A total of 2:3 108 particles with second order
shapes were pushed for 5  105 iterations. The resolution in the laser propagation
direction z is k0¢z = 0:16, and kp¢x = kp¢y = 0:25 in the transverse directions.
Figure 5.20 and 5.21 show the accelerating structure in 3D and 2D respectively,
after a few milimetres of propagation. The laser pulse has been self-guided over
this distance and drives a highly non-linear plasma wave. The plasma wave self-
injects early in the simulation and there is strong beam loading due to the injected
electrons. The acceleration occurs in two phases. The electron bunch at the head
of the injected beam is rapidly accelerated to 500 MeV and then is decelerated as
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Figure 5.20: 3D image of the plasma bubble (isosurfaces of constant density in
green) with injected electrons (colour-coded according to their energy from blue
(low) to red (high) and laser pulse (isosurfaces of constant intensity in red) obtained
3.6 mm into the interaction with OSIRIS. The three sides of the box show the
integrated projection of the laser electric ﬁeld (red) and plasma density (grey).
Figure courtesy of S.M. Martins.
it dephases. This can be seen in ﬁgure 5.18 a (in light blue triangles), which shows
the energy gain of the ﬁrst bunch as a function of interaction length.
As the laser propagates, it is continually being self-amplifed due to temporal
and spatial compression at the leading edge of the plasma bubble. This can be seen
in ﬁgure 5.21, where the laser normalised vector potential increases from its initial
value of 3:85 to ' 25 after ' 4mm. This value is a local maximum and much higher
than the corresponding value from the QuickPIC simulation, which does not resolve
rapid changes (timescales ! 10 ).
This results in a second stream of injection. The a0 ampliﬁcation has two eﬀects
on the acceleration of the trailing electrons. Due to the increased plasma wave
length due to beam loading, a large number of electrons is injected into the bubble.
Secondly, because of the higher plasma wave amplitude, the maximum energy which
the second bunch attains is higher. This can be seen in ﬁgure 5.18 a (in blue squares),
which shows the energy gain of the second bunch as a function of interaction length.
At the time shown in ﬁgure 5.21, the secondary bunch has phase rotated, lead-
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Figure 5.21: (a) shows the plasma density (blue) and injected bunch (red). At 4:8
mm into the interaction, strong beam loading is evident. The simulation predicts
guiding over the full length of the 10 mm nozzle and laser intensity a0 ampliﬁcation.
(b) represents the longitudinal momentum of electrons across the wakeﬁeld. The line
on the right axis corresponds to the momentum spectrum of the injected electrons
(number of electrons in arbitrary units). The peak electron beam energy grows to
 0:8 GeV as found in the experiment. (c) Evolution of the laser normalised vector
potential a0 as a function of interaction length indicating strong self ampliﬁcation.
Results courtesy of S.M. Martins.
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ing to a narrow energy spread feature in the electron spectrum at 0.8 GeV in good
agreement with experimental measurements. The maximum energy gain is due to
the combination of beam loading and dephasing and pump depletion in the accel-
erating structure. The laser is self-guided over the whole range of the gas jet as
in the experiment. However at later times, when the laser is signiﬁcantly depleted
(corresponding to & 6mm), there is little further gain in electron energy, and an
electron beam at close to the maximum energy exits the plasma.
The simulation predicts a0 ampliﬁcation and self-guiding over almost the full
range of the gas jet as deduced from the experiments and explains the maximum
energy observed remarkably well, even though pulse evolution seems to be faster than
in the experiment, as can be seen by the horizontal oﬀset between the experimental
data and the OSIRIS results in ﬁgure 5.18 a.
5.6.3 Parameter Scans with Reduced 3D Quickpic
In the full scale 3D modelling with OSIRIS, the laser was initialised with a gaussian
transverse proﬁle. The experimental focal spot proﬁle is approximated well by a
gaussian mode, yet regularly there is a signiﬁcant fraction of energy (> 50%) outside
the FWHM. This can be seen in ﬁgure 3.8 a, which shows a typical focal spot
intensity proﬁle, and by ﬁgure 5.2 and 5.4 a, which summarise the variation in laser
parameters. To study the eﬀects of these features on guiding, electron acceleration
and energy gain, a series of simulations have been carried out with QuickPIC4.
Results are presented using non-gaussian transverse proﬁles, corresponding to an
identical beam energy of 10 J. All other simulation and plasma parameters are as
for the simulation above in section 5.6.1. The laser vector potential was initialised
as a sum of even Hermite-gaussian modes up to 6th order
a? =
m=3X
m=0
am exp
 
 x
2
?
w20
!
H
 
2m;
p
2 jx?j
w0
!
(5.1)
where H(m;x) is the Hermite polynomial of order m at a given position, x? is the
perpendicular coordinate and am is a coeﬃcient. The Hermite gaussian modes (for
4The modeling is courtesy of J. Vieira [212].
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Figure 5.22: The blue curves show laser proﬁles using higher order Hermite-
gaussian modes, ﬁtted to actual experimental lineouts. The dashed red lines show
the transverse density proﬁle of the bubble at the point of strongest blowout /
cavitation. Material courtesy of J. Vieira.
an optical frequency, beam axis, focus position and beam radius of a gaussian beam)
are a complete set under which any proﬁle can be expanded. In the expansion, the
focal spot size is held constant for each mode, and the intensity is varied to ﬁt a set
of actual experimental lineouts best. These modes are approximate solutions of the
wave equation, valid for weak focusing (paraxial approximation).
Figure 5.22 shows four transverse proﬁles using higher order Hermite gaussian
modes. They were adapted to resemble actual experimental lineouts. The blue
lines represent initial proﬁles and the dashed red lines are the plasma density at the
point where blowout is highest. In all four cases complete cavitation occurs, but
only in proﬁle (a) is almost all the energy inside the cavity, whereas for (b) to (d) a
signiﬁcant fraction of energy resides outside the bubble.
This gives rise to diﬀerent laser transverse dynamics, which are shown in ﬁgure
5.23 a. The portion of energy outside the central bubble causes a density depression
of its own, which is however very shallow and not fully cavitated. Self-focusing of
the energy in the wing of pulse is not strong and the ﬁlaments are lost by diﬀraction.
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Once the energy in the wings is lost, the laser spot size is reduced to R. Con-
sequently the fraction of laser energy used for wake dynamics and blowout of the
central cavity varies signiﬁcantly between the cases (a) and (d). This can lead to
ﬁnal electron energy gain below the case initially discussed for a gaussian mode
in section 5.6.1. Even gaussian modes of exceedingly large size can develop co-
propagating ﬁlaments, worsening the eﬃciency of the LWFA.
Figure 5.23 shows the evolution of laser focal spot and energy gain. Despite
starting with diﬀerent initial radial proﬁles, after an initial interaction phase of only
one millimeter, the wings are lost and the remaining central ﬁlaments all end up
with approximately the same size, except for the most extreme case (d). The spot
size then remains constant indicative of good guiding. However the electron energy
gain deviates from the most ideal case (a) and may be as much as 25 percent below
the result of the purely gaussian mode (5.18 a), due to energy lost to the wings and
reduced a0.
These studies suggest, variations in the laser proﬁle from shot to shot (or varia-
tions in other laser parameters) explain the experimentally observed ﬂuctuation in
electron energy gain seen in section 5.4.3. Non-linear pulse evolution and intensity
ampliﬁcation should make the long interaction lengths more prone to small varia-
tions in laser focal spot parameters, which should lead to a worsening of electron
energy reproducibility for increasing nozzle length. This is indeed what was observed
experimentally (see ﬁgure 5.9).
5.7 Discussion
5.7.1 On Electron Beam Proﬁle and Pointing Stability
The ﬁnding, that the focal spot stability, is positively correlated with electron beam
stability was not the ﬁrst such report on stability. It is commonly thought that
improving laser parameters and their stability, e.g. increasing pulse contrast, focal
spot strehl ratio or matching laser beam parameters to the predictions of nonlinear
theory [121] will lead to more reliable self-injection, more stable acceleration and
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Figure 5.23: Inﬂuence of diﬀerent laser intensity proﬁles on evolution of (a) laser
pulse width and (a) electron energy. Results from modeling with QuickPIC, using
Hermite gaussian laser proﬁles given in ﬁgure 5.22. Material courtesy of J. Vieira.
improved electron beam stability.
Improved laser contrast (from 10 6 to 10 8) has previously been correlated with
improved electron beam pointing stability (from < 50mrad to < 10mrad RMS) [33].
The average pointing stability and divergence was found to improve by a factor of
three (to 2:4mrad and 10:6mrad RMS repectively) when helium gas was replaced by
argon gas [213]. The eﬀect was attributed to longer channels, that would reduce the
beam divergence of electrons born at the start of the interaction simply for geometric
reasons. In the light of more comprehensive studies of the eﬀect of dopant gases on
electron injection and acceleration, improved beam stability is corroborated by the
eﬀect of ionisation induced trapping as will be mentioned later [37, 38].
Asymmetric intensity proﬁles in the focal plane of the laser [214] can give rise
to oﬀ-axis injection. This eﬀect can be controlled with a deformable mirror in the
focusing beam line [101] or a spatial chirp introduced by a misaligned compressor
[215], in which case the intensity front is no longer perpendicular to the propagation
direction. This scenario has proved capable of steering the electron beam by varying
the degree of pulse front tilt.
These ﬁndings mandate more rigorous monitoring and control of laser parame-
ters, both in experiment and modelling, to further progress LWFA.
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5.7.2 On the Density Dependence of the Beam Divergence
An electron beam with small divergence angle is highly desirable for applications,
e.g for eﬃcient injection into magnetic insertion devices. Although the divergence of
the beam can be reduced by magnetic quadrupole lenses, this will be at the expense
of the beam size, as the product of divergence and beam size, called emittance, is
conserved in a transport optic.
Besides the inﬂuence of the laser parameters on the beam divergence, the plasma
density was also found to have a signiﬁcant eﬀect (section 5.3.4). At higher densities,
the size of the bubble is reduced and the relative fraction that is occupied by the laser
is increased. The accelerated electron bunch is therefore more likely to experience
the eﬀect of the laser. It was previously found that the eﬀect of the laser can promote
transverse oscillations [100]. Because of the increased overlap, it will do so more at
higher densities. This is illustrated in ﬁgure 5.24.
Evidence for laser heating is given by our electron beam proﬁles (cf. section
5.3.4), that are elliptically elongated in the direction of laser polarisation. This
has been observed before [22, 35] and attributed to the interaction of accelerating
electrons with the laser ﬁeld, promoting transverse oscillations predominantly in the
direction of laser polarisation.
At higher densities, the radial electrostatic ﬁeld in the bubble is also increased
and electrons with increased oscillation amplitudes have an increased transverse mo-
mentum. The spread in transverse momentum should scale with the ponderomotive
potential / a0 / n1/3e for constant laser power (cf. equation 2.97). The consequence
of this would be an increase of electron beam divergence and emittance at higher
plasma densities, as was reported in section 5.3.4.
For lower densities on the other hand, the bubble is larger, which will lead to an
increase in the size of the electron beam. This should roughly scale as / n 1/2e [121].
Injection can be further from the axis, which would also lead to an increased electron
beam emittance. This is illustrated in ﬁgure 5.24. The competing eﬀects that lead to
an increase in emittance at high and low densities will minimise the beam emittance
and divergence at an intermediate density, as observed experimentally.
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Figure 5.24: At lower densities, the plasma bubble is larger, and electrons can be
injected with a bigger oﬀset from the axis. When the plasma density is increased
for constant laser pulse duration, electrons start to catch up with the laser and their
oscillation amplitude increases.
5.7.3 On Electron Injection
Full scale modeling predicts that (a) electrons are injected at early times at the
beginning of the nozzle and that (b) electron injection is not continuous but rather
periodic, with phases of beam loading interleaved. This picture is indeed consistent
with the experimental observation of electron spectra with multiple beamlets of
energy increasing with interaction lengths.
The production of monoenergetic beams is a result of beam loading, meaning
that continuous injection is eventually inhibited by the increasing space-charge ﬁeld
of the already injected electrons, which reduces the plasma wave amplitude and
prevents further injection. Electrons of an injected bunch, localised in space, can
thus experience the same accelerating ﬁeld and be accelerated to the same energy.
The observation of multiple beamlets (ﬁgure 5.9 c,d) suggests that injection and
beam loading must have happened multiple times, in the same or diﬀerent bubbles.
From the scaling of the peak energy we can conclude that the wakeﬁeld amplitude
increases substantially due to intensity ampliﬁcation. Beam loading may therefore
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not be permanent (as is the case when driving a linear plasma wave) but can be
overcome, if the laser intensity increases suﬃciently, such that the plasma wave
amplitude increases further.
The number of injected pulses should increase until pump depletion prevents
further intensity ampliﬁcation and injection. The depletion length Lbubpd for the
conditions in ﬁgure 5.9 is ' 6mm. As the number of injected ﬁlaments is found
to increase up to a distance of ' Lbubpd , the amount of charge also increases roughly
linearly (ﬁgure 5.10 b).
For self-injection to occur immediately, it was found a0 & 4   6 [207, 211, 121]
which compares to our initial a0 ' 3:9. The reduced pulse evolution necessary
to trigger injection compared to previous experiments with smaller a0 [18, 19, 20]
is also consistent with the observation of an electron beam on almost every shot
(80%  100% of shots) under optimal conditions as mentioned above.
5.7.4 Evidence for Nonlinear Steepening of the PlasmaWave
The maximum electron energy gain increases almost linearly with interaction length.
This experimental result is deceptive in the sense that it suggests electrons (after
early injection) were constantly accelerated over the full length of the nozzle, but
at a lower accelerating ﬁeld (& 0:8GeVcm 1) than in previous experiments at both
higher [23] and comparable densities [20]. The fact that the nonlinear dephasing
limit is only ' 2  3mm for the relevant densities and laser parameters raises doubt
over this simple picture.
The experimental results can be understood better from the Osiris simulation.
The observed peak energies are not the result of acceleration in a comparatively low
electric ﬁeld along the full interaction length. They are rather indicative of complex
dynamics within the nonlinear wake. The electric ﬁeld Ez / pa0 and dephasing
length Lbubd /
p
a0 increase due to the increase in a0. Electrons that are injected
later, when a0 has increased, can thus be accelerated to higher energies W bubmax / a0.
The increase of measured energy gain with interaction length despite short dephasing
length must therefore be interpreted as evidence of intensity ampliﬁcation.
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5.7.5 On Electron Energy Gain
As presented in section 5.4.2 and ﬁgure 5.11 and discussed in section 5.7.2, the mea-
sured peak electron energy is ﬁtted better with W bubmax = 23mec
2a0

nc
ne

(cf. equation
(2.109)) and a = 6 rather than with W bubmax = 43mec
2(P/Pcrit)
1/3

nc
ne

(cf. equation
(2.110)) and the input power of the laser 170TW. In particular the second model
with laser power over-estimates the electron energy at high density and underesti-
mates the electron energy at low densities5. This suggests that it is not possible
to couple the full amount of the laser power into the plasma wave as the density
is increased. Increasing the density would decrease the bubble size R / n 1e with
respect to the input laser size. If the input laser pulse is much larger then the bubble
size, i.e. the matched spot size, laser energy in the wings of the pulse may not be
coupled into the plasma wave and may be lost. This was suggested by the numerical
modeling in section 5.6.3. Figure 5.25 plots the matched spot size as a function of
plasma density for 170 TW input laser power (green line) and compares it to the
input focal spot size (green bar). The ﬁgure depicts how much the experimental
spot size was larger than the matched spot size. The observation of ﬁlaments (ﬁg-
ure 5.15) corroborates the picture that much of the laser energy is not coupled to
the plasma wave at increased densities.
The fact that the scaling with constant a0 ' 6 ﬁts the experimental electron
energy gain better, suggests that the peak intensity the pulse evolves to remains
constant for the density range 5   9  1018 cm 3. Figure 5.25 also compares the
matched a0m the laser should evolve to, if all its energy was guided with the input
a0 for 170 TW (blue line and shaded box). The intensity should amplify to 6   8,
which is consistent with the experimental deduction.
The ﬁgure suggests densities as low as 1  2 1018 cm 3, to match a0 and focal
spot size to the matched values. At these densities, the depletion length would
be (roughly) the dephasing length and equal to the interaction length of a 10 mm
nozzle. It was however impossible to observe electron injection at such low densities.
5We will see that this will also be the case for the data obtained from the Hercules experiment
which is presented in the next chapter.
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Figure 5.25: Non-linear dephasing and depletion lengths Lbubd (red) and Lbubpd
(orange) 170 TW, as a function of plasma density, plotted on the left axis with
horizontal shading (magenta) indicating the length of the experimental plasma den-
sity proﬁle (5, 8 and 10 mm nozzle). Matched FWHM laser spot size (green) for
170 TW, as a function of plasma density, plotted on the right axis with horizontal
shading (green) indicating the experimental spot size. Matched laser vector poten-
tial for 170 TW (blue) as a function of plasma density, plotted on the right axis with
horizontal shading (blue) indicating the experimental focused intensity. The grey
vertical shading represents the regime where experimental spot size and normalized
vector potential are in agreement with the matched condition for 170 TW.
Simulations that had led to the chosen experimental setup (F = 20 focusing)
demonstrated electron injection at 2  1018 cm 3, with a matched focal spot size
w0 = 20m and 330 TW laser pulses [211]. The experiments presented here comprise
the ﬁrst campaign carried out on the Astra Gemini laser and could only use up
to 200 TW of its designated maximum power of 500 TW. Future optimisation of
Astra Gemini might allow multi-GeV beams to be realised.
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5.8 Conclusions
In this chapter we reported on experiments on self-guiding self-injecting laser wake-
ﬁeld accelerators with multi 100 TW lasers. Collimated beams of electrons with
milliradian divergence, milliradian pointing stability and hundreds of picocoulomb
charge were observed for a range of densities and virtually on every shot for an
optimal range of densities. The stability of pointing and divergence were correlated
with the stability of the laser focal spot. The electron beam divergence assumed
a minimum at an intermediate density and increases on either side. The detailed
nozzle alignment was found to impact on electron beam pointing.
Electron spectra with narrow energy spread features were produced regardless
of nozzle size and their number was found to increase with interaction length. The
electron energy spread, energy of leading and subsequent monoenergetic features
and charge also increases with nozzle length. These results are explained as the
result of almost instantaneous injection, followed by nonlinear pulse evolution, in-
tensity ampliﬁcation and consecutive phases of injection and beam loading. The
peak electron energy follows the relevant nonlinear scaling law and increases with
decreasing density up to a threshold below which injection ceases.
Side-view images of the interaction show plasma channels extending over the full
length of the nozzle and exit mode images give evidence for self-guiding over more
than ten times the Rayleigh range. The quality of laser self-guiding deteriorates
with decreasing laser power, in particular for laser powers below the critical power
for self-focusing.
Numerical modeling with the PIC code Osiris conﬁrms the injection dynamics,
intensity ampliﬁcation, peak electron energy, guiding and charge that were mea-
sured experimentally. QuickPIC modeling ﬁnds a correlation between the peak and
transverse proﬁle of the laser vector potential and the ﬁnal electron energy gain.
Such variations in the experimental laser focal spot parameters are likely to be
responsible for the observed variation in electron energy.
Chapter 6
Bright Spatially Coherent
Synchrotron X-rays
6.1 Motivation
The previous chapter has shown that monoenergetic GeV scale electron beams can
be obtained from a wakeﬁeld accelerator driven by a 100 TW class laser. The
experiments also gave preliminary evidence for the existence of a bright x-ray signal
observed in the electron spectrometer on the laser axis. Time and experimental
constraints however did not allow the characterisation of the x-ray signal. A follow-
up experiment was therefore carried out, with a similar laser system to study the x-
ray beam from monoenergetic electrons accelerated in the highly non-linear wakﬁeld
regime [121, 216]. The transverse ﬁelds in the wakeﬁeld bubble can support electron
oscillations in a fashion similar to the Petawatt laser driven cavity (cf. chapter 4).
Previously, betatron radiation has only been studied with a 10-20 TW laser, from
electron beams with broad energy spread accelerated in the linear wakeﬁeld regime
[89]. This has yielded relatively soft (keV) radiation, with large source size (' 10 m)
and divergence (' 50 mrad) and low brightness (1019 ph/s/mrad2/mm2/0:1%BW).
In this chapter we describe the use of the experimental techniques developed in
chapter 4, reﬁned to access an x-ray parameter range that is distinct from both of
the previous measurements of betatron radiation [100, 89].
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Figure 6.1: Schematic of the set-up used for the experiments with the Hercules
laser.
6.2 Setup and Parameters
6.2.1 Experimental Setup
The Hercules laser facility was used for these experiments (see appendix 3.1.5).
The experimental setup is shown if ﬁgure 6.1. After the beam enters the chamber,
it reﬂects oﬀ two mirrors DM and M2 and a paraboloid P which focused the
pulse energy onto the front edge of the circular gas jet nozzles with diameters 3,
5 or 10 mm. The paraboloid has a focal length of f = 1 m and an F-number
F = 10 (f/10). For probing purposes, a few percent of the beam energy was
extracted with a large diameter pellicle mirror, which is just a few micrometer thick
and perturbs the transmitted main beam negligibly. The probe light was reﬂected
oﬀ several 2" mirrors MP1 to MP7, through which its arrival time with respect to
the main beam at the gas jet was varied between < 0 and several tens of picoseconds.
A section of the probe crossed the interaction transversely, was transported out of
the chamber with mirrors MP8 to MP10 and brought to interfere with a section
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of the probe that had passed the interaction unchanged, in a modiﬁed shearing
interferometer. This diagnostic was used to monitor the interaction and measure
the plasma density (3.2).
The ﬁrst step of the daily experimental procedure was the alignment of the
laser along a well deﬁned axis in the target chamber and subsequent positioning of
the nozzle front edge 1:5 mm below the focus, which served as a reference position
henceforth. The nozzle was motorised and its position was read out with micrometer
precision and could be driven in three dimensions, in air or vacuum. Evacuating the
target chamber changes the path the laser takes. If necessary, a motorised mirror
before the target chamber was tuned to bring the laser far-ﬁeld back to the nozzle
reference, which can be judged based on scattered laser light from the nozzle shaft,
in vacuum.
A small mirror was dropped in after the position of the laser focus to image the
beam near-ﬁeld in the plane of the deformable mirror DM onto a wavefront sensor
outside the chamber. The phase front of the laser beam can be ﬂattened in an
iterative procedure feeding the measurements from the sensor back to the deformable
mirror. The 100 mm diameter DM , made by Xinetics, has 177 piezoelectrically
driven actuators, which, when set up properly, can compensate aberrations of the
parabolic mirror and residual aberrations of the laser beam to yield a near diﬀraction
limited focal spot. The quality of the focal spot was veriﬁed upon completion,
imaging the far ﬁeld with microscope objective and lens onto a CCD camera outside
the chamber. The focal spot diameter was d = 2whwhm = (12  1)m or w0 '
10m at 1/e2 of intensity. Thus, zR = 2Fw0 ' 200 m, which was supported
by experimental measurements. Typically (53  5)% of the pulse energy is within
the diameter 2whwhm. Experiments were carried out with up to (2:3  0:2) J of
energy on target. This corresponds to powers up to 65 TW, peak intensities up to
4:21019 Wcm 2 and peak normalised vector potential of a0 = 4:4. A sample image
of the focal spot is shown in ﬁgure 3.8.
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6.2.2 Diagnostics Conﬁgurations
To characterise the electron spectrum, a permanent magnet was placed behind the
target. Electrons were spectrally dispersed and impinged on a lanex screen, which
was imaged with a camera (3.4.2). The lanex screen was enclosed in a light-tight
box so as to prevent the camera from measuring any stray light, in particular from
the laser.
With the electrons removed from the forward direction by the magnet, charac-
teristics of the x-ray beam could be measured as well. The x-ray beam proﬁle was
recorded on an imaging plate, moved into the cross chamber, typically integrating
several shots (3.5.1). A microscopic object, such as a wire grid could be placed
in the path of the x-rays to gain information about the origin of the x-rays (3.5.1).
The imaging plate could be equipped with a ﬁlter pack (3.5.2) to obtain information
about the spectrum of the x-ray beam, typically integrated over several shots.
The x-ray CCD camera serves as an alternative to the imaging plate. When
equipped with ﬁlter packs, spectral information of the x-ray beam can be obtained
on a single shot. The large (variable) distance between x-ray CCD and nozzle, allows
for x-ray backlighting of microscopic objects (located behind the magnet) with high
magniﬁcation, to infer even the smallest x-ray source sizes (cf. sections 3.5.3, 3.5.4,
3.5.5). It is obviously impossible to operate all of these diagnostics simultaneously.
This can also be seen from ﬁgure 6.1. The LABView control program was used for
the experiments (cf. section 3.6.1).
6.3 Measurements of the Electron Beam
In the following sections the results from the experimental characterisation of the
electron beam will be presented.
6.3.1 Electron Beam Proﬁle and Beamlets
When the laser is focused into a 5 mm diameter nozzle, electron beams can be
observed for a range of plasma densities. Their proﬁle was studied for the relatively
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Figure 6.2: (a) Number of beamlets in the electron beam and (b) horizontal and
vertical electron beam pointing with respect to the laser as a function of electron
plasma density.
low laser power of ' 20 TW. For electron densities below 1:0  1019 cm 3, no
measurable electron signal was produced. For electron densities of 1:0 1019 cm 3
or greater, a measurable electron signal was obtained in more than 90% of the shots.
The electron beams consist of multiple beamlets, and the number of beamlets was
found to increase somewhat with density, as shown in ﬁgure 6.2 and summarised in
table 6.1.
Table 6.1: Statistics of electron beam proﬁle.
density [1019cm 3] 1.0 1.1 1.2 1.3
laser power [TW] 17 1 25 2 25 1 24 1
ﬁlaments 2:4 1:4 4 1:6 3:2 1:8 4:8 3:3
pointing x [mrad]  5:7 9:9  12:3 6:5  12:8 9:0  16:9 8:9
pointing y [mrad] 2:0 12:9  5:5 7:6  1:5 13  0:2 8:2
At low density, the beamlets are well deﬁned, of circular or elliptical shape, as
shown for example in ﬁgure 6.3 a. For higher density, the beamlet structure becomes
more complex, and accounts for less and less of the total beam charge, as an almost
uniform component of large divergence (many times the ﬁlament divergence) appears
in the beam proﬁle. This is shown in ﬁgure 6.3 b. The electron density could not
be increased beyond 1:3 1019 cm 3 due to the limited backing pressure (cf. section
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Figure 6.3: Typical single shot electron beam proﬁles obtained for 25  2 TW
focused into a 5 mm gas jet with electron density of 1.1 and 1:3  1019 cm 3,
respectively. The plus indicates the direction of the laser.
3.2). The origin of multiple beamlets will be discussed in section 6.3.3.
When beamlets are observed, e.g. for an electron density of 1:0  1019 cm 3,
their divergence is very small, 1:51:8 mrad2 with a standard deviation of 0:41:1
mrad2, averaging over 26 beamlets.
6.3.2 Electron Beam Pointing
Figure 6.4 shows the sum of many single shot electron beam proﬁles for diﬀerent
densities. It is evident that the electron beams are displaced horizontally from the
laser direction. This could be due to a pulse front tilt of the laser, meaning that the
intensity front of the laser is no longer perpendicular to its propagation direction. It
has been shown experimentally and veriﬁed by 3D PIC-simulations, that the electron
beam can be steered by varying the degree of pulse front tilt [215]. Each circle in the
panels of ﬁgure 6.4 indicates the location of a ﬁlament relative to the direction of
the laser, marked by a blue plus. The mean pointing and standard deviation of the
ﬁlaments is plotted in ﬁgure 6.2 as a function of electron plasma density. The vertical
pointing follows the direction of the laser, whereas the horizontal pointing deviates
from the laser direction, moving further for higher density. One may imagine that
if the gas jet is not shot through its centre, but from a direction oﬀset to one side,
the plasma may act as a negative lens, curving the channel and electron beam away
from the center, as already discussed in chapter 5.3.5 and [209].
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Figure 6.4: Sum of several single shot electron beam proﬁles, obtained for' 20 TW
focused into a 5 mm gas jet with electron density of 1.0, 1.1, 1.2 and 1:31019 cm 3,
respectively. The circles indicate the location of ﬁlaments and the plus indicates the
direction of the laser.
6.3.3 Electron Spectra with Poly-Energetic Features
To gain spectral information about the accelerated electrons, the magnet was trans-
lated into the beam, as shown in ﬁgure 6.1. Electron spectra are studied as a
function of electron plasma density, for three diﬀerent cases: 21 TW onto a 5 mm
nozzle, 65 TW onto a 5 mm nozzle and 65 TW onto a 10 mm nozzle. Spectra
of a series of ten consecutive shots are shown in ﬁgure 6.5. They typically consist
of one or more quasi-monoenergetic features at the high energy end of the spec-
trum which sit on top of a dark current, which may extend to the low detector
limit. The polyenergetic features are well collimated in the direction transverse to
the dispersion. Although not shown, their collimation deteriorates gradually as the
density is increased, consistent with the observation from the electron beam proﬁle
measurements.
To aid an objective comparison of the accelerators performance under the various
experimental conditions, the electron spectra were reduced to a few characteristic
key numbers using the Matlab analysis routine (see section 3.6.2). Several of these
quantities are plotted as a function of electron plasma density in ﬁgures 6.6 to 6.7.
It is evident from ﬁgure 6.6 a, that the beam rarely only contains a single mo-
noenergetic feature but may contain as many as ﬁve or six peaks, the more the
higher the laser power. In the previous chapter, experiments and numerical mod-
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Figure 6.5: Electron spectra for a series of ten consecutive shots of 65 TW on a
10 mm nozzle at an electron plasma density of 6:7 1018 cm 3
Figure 6.6: (a) Number of quasi-monoenergetic features (symbols) as a function
of plasma density and (b) energy of (the leading) quasi-monoenergetic feature (sym-
bols) as a function of plasma density: 5 mm nozzle, 21 TW (blue squares), 5 mm
nozzle, 65 TW (red circles) and 10 mm nozzle, 65 TW, (orange triangles). The solid
line correspond to the gaussian average. The shaded area in (b) corresponds to the
energy uncertainty ¢E/E introduced by the 10 mrad pointing into the magnet.
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eling could explain the observed poly-energetic spectra with consecutive phases of
injection and beam loading into the same bubble. This mechanism is likely to also
be responsible for the polyenergetic features of the electron spectra presented here
in this chapter.
In particular for higher densities (> 1:3  1019 cm 3), the linear plasma wave-
length reduces to . 6m, which is almost half the length of the c = 10 m laser
pulse FWHM. A fraction of the laser energy may then be trapped and drive a second
bubble behind the ﬁrst one to the point where it injects and accelerates a second
beamlet.
An initial a0 > 1 was required, so that the laser-driven plasma wave will feed
back on the laser and evolve the pulse through various non-linear optical eﬀects (see
chapter 2). The higher a matched normalised vector potential a0;m that the laser
evolves to, the more consecutive phases of wavebreaking and beamloading. For the
21 TW case we have matched vector potentials as high as a0;m ' 4:0 for the densities
where electrons are observed (see ﬁgure 6.6 a), whereas it can be a0;m ' 6:0 for the
65 TW case which then explains why we observe on average slightly more features in
the high power case in ﬁgure 6.6 a. In both cases, self-injection should occur (nearly)
immediately as the input normalised vector potential is above the threshold a0 & 4:2
[207, 211].
6.3.4 On the Energy Stability of the Electron Beam
The peak energy of the leading quasi-monoenergetic feature is plotted in ﬁgure
6.6 b where each symbol corresponds to a single shot and the lines correspond to
the moving average and standard deviation deﬁned in section 8.5. The peak energy
varied with plasma density. This will be discuss in the next section. The energy
stability ¢W/W was around 20% for most densities. The ﬂuctuation decreased
somewhat with decreasing peak energy or laser power. The permanent magnet of the
electron spectrometer had an acceptance angle which is larger than the horizontal
beam pointing ﬂuctuation discussed above (see ﬁgure 6.2). Depending on the exact
pointing of the electron beam into the spectrometer, the perceived energy in the
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detection plane may vary dramatically, as discussed in section 3.4.2. Based on a
horizontal pointing variation of 10 mrad, the average peak energy for 65 TW
shots on the 5 mm nozzle may vary by as much as 10%. This energy uncertainty
introduced by the spectrometer is shaded in grey in ﬁgure 6.6 b.
The remaining variations in the acceleration process may be attributed to a
' 7% shot-to-shot jitter in the laser energy and a ' 10% shot-to-shot jitter in the
plateau height of the electron plasma density proﬁle. In the previous chapter, we
have shown how ﬂuctuations of the laser a0 proﬁle in fact lead to variations in the
electron energy gain. Fluctuation in the laser pulse lengths, contrast or pointing
stability were not monitored during the campaign, but it has been shown that they
also have a severely detrimental eﬀect on the electron beam pointing stability and
peak energy ﬂuctuation [33]. Mangles et. al have shown, that an electron energy
stability of ¢W/W ' 5% can be achieved [33], and others are reporting similar
(or better) values from self-injecting LWFA [36]. This is despite operation far from
matched conditions w0/w0;m ' 2  3 for these experiments.
Subsets of consecutive shots can be found, taken over a short period of time,
with better than 20% energy stability (and better beam quality in general). Figure
6.6 b contains 280 shots taken over ﬁve days, with possibly signiﬁcantly diﬀerent
laser characteristics. For the set of consecutive shots shown in ﬁgure 6.5, we ﬁnd
(213  29) MeV for the energy of the leading peak, (25  12) MeV for the spectral
width of the leading peak, ¢Q/Q ' 50% for the charge stability and 2:6  1:0 for
the number of monoenergetic features.
6.3.5 Density Dependence of Peak Electron Energy
In ﬁgure 6.6 b we can see a general trend of increasing peak energy with decreasing
plasma density, which is particularly evident for the case of the 5 mm nozzle where
data is available over a large range of densities. For the following the validity of
the bubble regime is assumed. To emphasize the shots that have yielded highest
electron energy gain at any given density, we plot them separately in ﬁgure 6.7 a.
From the high power shots on the 5 mm nozzle (red circles), it is evident that the
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Figure 6.7: Energy of (the leading) quasi-monoenergetic feature (symbols) as
a function of plasma density and total beam charge (symbols) in arbitrary units
(1 a.u. ' 1 pC) as a function of plasma density: 5 mm nozzle, 21 TW (blue squares),
5 mm nozzle, 65 TW (red circles) and 10 mm nozzle, 65 TW, (green triangles). Only
the best shot at any given electron plasma density are plotted (a,b) and compared
(a) with the nonlinear scaling laws (2.109) and (2.110). (b) The solid line correspond
to the gaussian average and the dashed line to the gaussian average  one standard
deviation.
peak electron energy increases as the plasma density is reduced up to a threshold,
below which it decreases again, as injection and electron beam production starts to
cease. With dFWHM;m = p/
p
2(P/Pcrit)
1/6, the threshold is close to the density
4 1018 cm 3 at which the matched spot size dFWHM;m = 12m is no longer (signif-
icantly) smaller than the vacuum focal spot size. This would reduce the amount of
intensity ampliﬁcation due to self-focusing.
The density threshold for the low power shots on the 5 mm nozzle (blue squares)
is signiﬁcantly higher and the maximum electron energy gain somewhat lower than
for the high power shots. The total charge in the electron beam as a function of
density also shows the injection threshold for high power shots on the 5 mm nozzle
(see ﬁgure 6.7 b). The high power shots on the 10 mm nozzle gave somewhat smaller
energy gain when compared to the corresponding results from the 5 mm nozzle.
As shown by the solid red line ﬁgure 6.7 a, the peak energy from the high power
shots on the 5 mm nozzle is predicted by the nonlinear scaling model Wmax =
2
3
a(ne/ncrit)mec
2 [121] for an a ' 4:4 which is the initial vacuum value. This sug-
gests that even for the shots that have yielded maximum energy gain at any given
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plasma density, intensity ampliﬁcation of the laser is unnecessary, to explain the
measurement within the picture of the bubble regime.
Comparing ﬁgure 6.8 with 5.25 shows that laser intensity ampliﬁcation should be
much less pronounced for the experiments with the Hercules laser when compared
with the Astra Gemini laser, as we start with initially much closer to matched
conditions. From ﬁgure 6.8 we can see, that initial focal spot dFWHM = 12m and
vector potential a0 = 4:4 is equal to the matched spot size and vector potential for
densities of 4  6 1018 cm 3 that gave the best electron beams. For the remaining
densities 6 181018 cm 3 where electrons are observed, the matching is not perfect
but relatively better than for the experiments with the Astra Gemini laser.
The nonlinear dephasing Lbubd and depletion lengths Lbubpd are also matched to
the interaction length of the 5 mm nozzle for the lowest densities that gave electrons
4  1018 cm 3. This combined with the fact that intensity ampliﬁcation should be
less pronounced explains, why the 10 mm nozzle at least did not yield higher electron
energy gain than the 5 mm nozzle.
It has been suggested that despite initially not perfectly matched conditions,
the pulse waist and intensity should evolve to matched conditions for the used laser
power P and plasma density ne [121] resulting in the modiﬁed scaling modelW bubmax =
4
3
mec
2(P/Pcrit)
1/3

ncrit
ne

(cf. equation (2.110)) which constitutes a somewhat worse
ﬁt of the experimental data as shown by the dashed red line in ﬁgure 6.7 a. The fact
that the scaling with constant a0 ' 4:4 ﬁts the experimental electron gain better,
suggests that the peak intensity of the pulse evolves to an almost constant level for
the density range 6  18 1018 cm 3 (cf. section 5.7.5).
6.4 Measurements of the X-ray Beam
In the following sections the results from the experimental characterisation of the
betatron x-rays will be presented.
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Figure 6.8: The non-linear dephasing and depletion length Lbubd (red) and Lbubpd
(orange) for 65 TW, as a function of plasma density, plotted on the left axis with
horizontal shading (magenta) indicating the length of the experimental plasma den-
sity proﬁle (5 and 10 mm nozzle). Matched FWHM laser spot size (green) for
65 TW, as a function of plasma density, plotted on the right axis with horizontal
shading (green) indicating the experimental spot size. Matched laser vector poten-
tial for 65 TW (blue) as a function of plasma density, plotted on the right axis with
horizontal shading (blue) indicating the experimental focused intensity. The grey
vertical shading represents the regime where experimental spot size and normalized
vector potential are in agreement with the matched condition for 65 TW.
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Figure 6.9: X-ray beam proﬁle observed through a mesh of 60 m Ag wires, ﬁltered
with 13 m Al foil and measured with imaging plate (BAS-MS) for the following
conditions: (a) single and (b,c) sum of 4 shots at 65 TW on a 10 mm nozzle at
6:8 1018 cm 3 giving (a) monoenergetics beam at 225 MeV, (b) at 239 10 MeV
and (c) at 20037 MeV. The x-ray yield in PSL/mrad2 is normalised to the number
of shots. The white plus signs indicate the direction of the laser.
6.4.1 X-ray beam Divergence
Initially, a grid of 60 m diameter silver wires was placed (238  1) mm from the
target, extending over a large solid angle. X-rays originating from the interaction
region project the outline of the mesh onto an imaging plate of type BAS-MS,
located (1016 2) mm from the target. The detector is ﬁltered with a 13 m thick
foil of aluminium which has more than 50% transmission above 5 keV. Figure 6.9 a
depicts the x-ray beam proﬁle for a single shot at 65 TW on a 10 mm nozzle at
6:8  1018 cm 3 electron density. A low divergence beam of x-rays is evident. The
x-ray beam is correlated with the electron signal. If no electrons were observed, the
x-ray signal diminished below noise level, indicating the emission is due to betatron
oscillations. The proﬁle is asymmetric with a FWHM divergence of x y = 4 13
6.4. MEASUREMENTS OF THE X-RAY BEAM 207
mrad2. This gives a betatron strength parameter a =  of a;x = 1:8 and a;y = 6
for a simultaneously measured peak electron beam energy of 225 MeV ( = 440).
The wiggler parameter is thus much smaller than that previously reported in chapter
4.
The beam is elliptically elongated, which indicates that the electrons were pre-
dominantly oscillating in a plane rotated by 32 from the horizontal direction or
polarisation direction of the laser. Experimental far ﬁeld x-ray beam proﬁles were
studied by Ta Phuoc et al. [96] and compared to numerical modeling, showing that
the shape of the proﬁles is indeed dependent on the oscillation dynamics of the elec-
trons. For electron population performing uniplanar oscillations, the x-ray proﬁle
will be elongated in the direction of oscillation. For helical oscillations, the x-ray
proﬁle will be doughnut-shaped. The more random the oscillation, the more the
x-ray proﬁle will become circular.
We have discussed in chapter 4 that a betatron resonance can promote transverse
oscillations, which it will do preferentially in the direction of laser polarisation. This
could certainly be the case here. However, the x-ray beam proﬁle was only recorded
for a single shot once, the proﬁles in ﬁgure 6.9 b,c are taken over multiple shots and
the cause of the asymmetry to the proﬁle in ﬁgure 6.9 a can only be speculated.
6.4.2 The X-ray Beam Pointing Stability
The x-ray beam pointing is extremely stable, as can be deduced from ﬁgure 6.9 b
and c which shows the summed x-ray beam proﬁle of four consecutive shots. Their
combined FWHM divergence is < 20  20 mrad2 and therefore not signiﬁcantly
larger than that of the single shot measurement in ﬁgure 6.9 a. We can conclude
that the x-ray beam pointing will vary by ' 10mrad at most, which is also similar to
the electron beam pointing stability, presented in section 6.3.2, however for diﬀerent
experimental conditions.
The white plus signs in ﬁgure 6.9 indicate the direction of the laser beam from
which the x-ray beam was found to be consistently displaced downwards (by up
to 20 mrad) and horizontally (by a few mrad). The displacement, in particular
208 CHAPTER 6. BRIGHT SYNCHROTRON X-RAYS
its correlation with the electron beam pointing was not studied more rigorously1
but certainly has profound implications. The x-ray beam should follow the channel
or bubble axis, which is likely to be straight along the initial laser propagation
direction. If the full electron beam is displaced from this axis, it means that the
majority of electrons are ejected at the same angle, which could be indicative of an
unﬁnished betatron oscillation. It would furthermore and more importantly imply
that all the electrons are performing oscillations at similar phase. The oﬀset between
electron and x-ray beam direction should vary from shot to shot, for otherwise
an unrealistically stable injection point and interaction length would be required.
One would therefore expect individual electron beam proﬁles to be scattered over a
larger solid angle centered around the solid angle occupied by individual x-ray beam
proﬁles. To elucidate the issue, simultaneous measurements of the electron and x-
ray beam proﬁle (and possibly transmitted laser mode) would have to be carried
out, which bear the aforementioned experimental challenges (section 6.2.2).
Beyond this, the average x-ray beam pointing had a much more practical impli-
cation on the further course of the experiments. To measure the x-ray spectrum,
the CCD camera / imaging plate equipped with ﬁlter packs had to be centered on
the determined x-ray beam direction.
6.4.3 X-rays Source Size Measurements
To gain information about the x-ray source size, microscopic objects were backlit
with the x-ray beam. Figure 6.10 a shows the same 60 m Ag wire mesh that was
used before, this time recorded with the x-ray CCD camera. Due to its small pixel
size of 13 m, the CCD camera is more suitable for x-ray imaging applications that
require high resolution than the imaging plate. Figures 6.10 b,c and d depict x-ray
radiographic images of the wire triplets discussed in section 3.5.3. Images were taken
at a range of diﬀerent experimental conditions, that produced quasimonoenergetic
1For parameter scans, a single shot detector with instant readout, e.g. a CCD camera is the
preferred choice. It was however experimentally unfeasible to place the x-ray CCD camera at a
distance close enough to cover as large a solid angle as the imaging plate, which had a 100 time
larger sensitive area.
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Figure 6.10: Microscopic objects backlit by the x-ray beam, ﬁltered with 2:4 m
Al foil and measured with an x-ray CCD camera of type Andor DX434-BN for
diﬀerent experimental conditions: (a) 29 TW, (b) 60 TW, (c) 59 TW, (d) 25 TW
and (e) 66 TW on a 5 mm nozzle at (a,d) 1.6, (b,c) 1.4 and (e) 0:8  1019 cm 3,
giving (a) polyenergetic beam up to 82 MeV, (b) monoenergetic beam at 90 MeV,
(c) polyenergetic beam up to 103 MeV and (e) monoenergetic beam at 265 MeV.
Targets and magniﬁcation M are speciﬁed in the ﬁgure.
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Figure 6.11: The x-ray source casts a shadow of a half-plane on the detector. (a)
Close-up of measured intensity distribution (black squares) from half-shadow (inset)
and modeled intensity distributions using Fresnel diﬀraction, for a source with gaus-
sian intensity distribution and synchrotron spectrum Ecrit/wx of 8 keV/1m (solid
red), 8 keV/3m (dashed green), 4 keV/1m (dash-dotted blue) and 8 keV/6m
(dotted grey). (b) Series of measured intensity distributions corresponding to shots
with decreasing source size wx (from modeling) and fringe visibility.
or polyenergetic electron beams. The one in ﬁgure 6.10 d contains the smallest wire,
just 5 m in diameter. In ﬁgure 6.10 e, the x-ray radiograph of the 12 m thick
Au foil discussed in section 3.5.3 is depicted. Lines and bars are etched into the
foil, forming ligaments of which the smallest is just 3 m in widths. Even these
smallest features (3 m Au ligament, 5 m W wire) are resolved. We conclude that
the eﬀective source size of the betatron x-rays (projected along the channel axis)
can not be much larger than a few micrometer, otherwise the small features would
become thinner and of lower contrast until indiscernible from the background.
6.4.4 Fresnel Analysis of Half-Shadow Data
To quantify the source size more precisely, a half-plane was backlit with the x-ray
beam. A typical intensity distribution on the detector looks like a half-shadow
(ﬁgure 6.11 a (inset)), whose details are a convolution of information about the x-
ray source and half-plane. The half-plane was a 0.25 mm thick cleaved InSb crystal
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(< 6% transmission below 20 keV) and resembles an ideal step function.
To accurately model the shape of the intensity distribution, it is necessary to
use Fresnel diﬀraction (cf. section 3.5.5), where the details of the diﬀraction pat-
tern depend on the spatial and spectral intensity distribution of the source and the
dimensions of the setup. Figure 6.11 shows a close-up of a typical experimental and
several modeled intensity distributions based on a gaussian intensity proﬁle and
synchrotron spectrum. For the solid red curve in ﬁgure 6.11 a, Ecrit = 8 keV and an
1/e2 intensity radius of wx = 1 m was assumed, which best reproduced both the
sharp rise and the amplitude and width of the ﬁrst fringe. Increasing the source size
three times to wx = 3 m gives the green curve which underestimates the sharpness
of the rise and the height of the overshoot. Keeping the source size at wx = 1 m
and decreasing the critical energy to Ecrit = 2 keV yields the blue curve which re-
produces the height of the overshoot but underrates the sharp rise. Although not
shown, further increasing the critical energy by a factor of three to Ecrit = 24 keV
or reducing the source size by a factor of three to wx = 0:33 m leads to a curve
that accurately models the rise but either overestimates the height of the overshoot
or undervalues the widths of the oscillatory feature. The analysis shows that this
measurement only serves as a crude way to determine the critical energy (due to the
low sensitivity of the CCD camera at > 10 keV), which if inferred to be between 4
and 16 keV. The measurement is much more sensitive to the source size, which can
be inferred to be between 0.7 and 1.5 m. In turn this means that an approximate
value for the critical energy can be used (e.g. through a separate measurement of
the spectrum) to reduce the fresnel model to a single ﬁt parameter, i.e. the source
size. Then, through a least squares ﬁt of the fresnel model to the data, the source
size can be determined with 10  30% accuracy.
6.4.5 Spatial Coherence
By changing the plasma density, we have some level of control over the source size.
This can be seen in ﬁgure 6.12 a. Figure 6.11 b shows a series of experimental
intensity distributions. As the source size increases the visibility of the ﬁrst Fresnel
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Figure 6.12: Source size for 27 consecutive shots. (a) Plotted as function of
density and (b) horizontal source position. Each plot symbol corresponds to a shot,
ﬁlled symbols indicate the minimum source size. (a) The solid line corresponds to
the moving average and the dashed lines to the moving average  one standard
deviation indicating a weak increase of the source size with density.
fringe decreases. This is in accordance with the modeling, which shows no fringe is
to be expected for a source size wx = 6m.
For the ringing to occur, the radiation needs to have an appreciable degree of
spatial coherence at the place of the half-plane, which was merely u = 50 mm
from the source. The van-Cittert Zernike theorem states that even the radiation of
uncorrelated emitters with gaussian intensity distribution can be spatially coherent
[199]. The transverse coherence length is given by Ltrans =
u
2wx;y
. In our case the
relevant radiation wavelength is  ' 6 10 10m, which is the peak of the product
of the synchrotron spectrum Ecrit = 4  16 keV and detector response. For a source
size of wx = 2m, Ltrans ' 3m, which is enough to observe one Fresnel fringe.
The spectral width of the source also reduces fringe visibility, as the temporal or
longitudinal coherence length Llong =
2
2¢
' .
We have experimentally assessed the amount of coherence by calculating the
experimental fringe contrast Imax   Imin
Imax + Imin
and comparing it with the prediction from
the modeling of a gaussian source with Ecrit = 8 keV, as shown in ﬁgure 6.13.
From this agreement we infer, that the complex coherence factor  of our betatron
source must be close to the theoretical upper limit achievable for a gaussian intensity
distribution  = 0:88 [199].
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Figure 6.13: The experimentally obtained fringe visibility is agreement with the
fringe visibility obtained from the modeling, plotted for a 6 keV synchrotron spec-
trum. The experimental source size is inferred with 10  30% accuracy using a least
squares ﬁt of the synchrotron model (with Ecrit = 6 keV) to the data.
6.4.6 X-ray Beam Source Position Stability
Figure 6.12 b shows the FWHM source size for 27 consecutive shots as a function
of the vertical source position, which can be deduced from the position on the x-
ray CCD, where the sharp rise is located. It is evident that the source position
experiences a small transverse jitter, with a RMS stability of 9 m, which is similar
to the pointing stability of the laser and is therefore likely to be limited only by the
laser pointing.
6.4.7 Correlation between X-ray Yield and Electron Beam
Pointing
From ﬁgure 6.14 which shows the x-ray yield2, it is evident that the x-ray yield is
strongly correlated with the electron beam pointing. The ﬁgure includes high power
shots ' 65 TW on both 5 and 10 mm nozzles for a range of electron plasma densities
from ' 5  16 1018 cm 3. The electron beam pointing is inferred from the vertical
position of the spectrally dispersed electron beam on the lanex screen. The x-ray
yield is simply obtained by averaging the background subtracted x-ray signal across
the chip of the x-ray CCD, which was ﬁltered with the Michigan six-fold ﬁlter pack
(see appendix 8.6). The x-ray CCD is located ' 1300 mm from the interaction, has
2CCD counts, arbitrary units.
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Figure 6.14: X-ray signal averaged across the CCD chip ﬁltered with the six-fold
Michigan ﬁlter pack as a function of vertical electron beam pointing. Only shots
with electron beam pointing between  10 mrad and +10 mrad are considered for
the following analysis.
a chip size of 13  13 m2 and subtends an angle of ' 10  10 mrad2. The x-ray
beam was previously found to have a divergence of ' 10   20 mrad. The x-ray
yield stays high within an interval of ' 20 mrad and drops signiﬁcantly on both
sides, as indicated by vertical dashed lines in ﬁgure 6.14. This is the consequence
of two eﬀects; the x-ray beam has a ﬁnite divergence and follows the electron beam
pointing. We have seen in section 2.5.1, that the spectral and angular distribution
of the x-ray photons are interdependent. The technique discussed in section 3.5.2
to infer the critical energy of the x-ray spectrum is strictly only valid for sampling
of the x-ray beam on-axis. For shots outside the dashed lines, the x-ray beam is
signiﬁcantly oﬀ-axis which invalidates the spectral analysis (section 3.5.2) and we
consequently reject shots that fall outside this interval.
6.4.8 Correlation of X-ray Yield with Electron Beam Energy
and Charge
We have studied the x-ray yield as a function of electron beam energy and charge.
Figure 6.15 shows electron spectra obtained by shooting a (61 4) TW laser into a
10 mm nozzle. For the relatively high electron plasma density of ' 1:4 1019 cm 3,
polyenergetic or broad electron spectra are obtained. For the relatively low electron
plasma density of 0:81019 cm 3, quasimonoenergetic spectra are obtained with very
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Figure 6.15: (top) Spectrally dispersed electron beam and (bottom) x-ray signal
through a 20 m Au resolution test target, ﬁltered with a 2:4 m Al foil and mea-
sured with an x-ray CCD for diﬀerent experimental conditions: (61  4) TW on a
10 mm nozzle with (a,b,c,d) 1:4 and (e,f) 0:8 1019 cm 3. A signiﬁcant increase in
x-ray signal is correlated with the appearance of monoenergetic electron beams.
little dark-current. The x-ray yield is measured with the Andor x-ray CCD camera,
through a 20 m Ag foil with lines and bars etched into it, ﬁltered with 2:4 m Al
foil. The corresponding images are depicted on the right side in ﬁgure 6.15. The
x-ray signal increases dramatically with decreasing density, which is correlated to
the quality of the monoenergetic beams and the electron energy .
To further characterise the betatron source, the x-ray yield obtained with the
CCD was studied as a function of electron beam charge. From ﬁgure 6.16 it is
evident, that a higher x-ray signal can be obtained by increasing the interaction
lengths from 5 to 10 mm. The increased interaction length can accommodate more
betatron oscillations. The x-ray yield per charge, however, increases by an average
factor of 3 from the 5 to 10 mm nozzle. The dispersed electron beam exhibits oscil-
latory features normal to the dispersion direction, which are remnants of betatron
oscillations that the electron beam has undergone during the acceleration process
[214]. Indeed a high x-ray yield is correlated with prominent betatron remnants in
the dispersed spectrum. A betatron resonance, i.e. an interaction of the accelerat-
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Figure 6.16: (left) X-ray yield measured with CCD (signal level averaged over
ﬁlter pack Michigan 3.5.2) for (63  2) TW shots on 5 mm nozzle with densities
5   16  1018 cm 3 and (62  5) TW shots on 10 mm nozzle with densities 5  
8  1018 cm 3. The x-ray yield increases faster than linear for the 10 mm nozzle.
(right) The brightest shots (ﬁlled symbols) for the 5 and 10 mm nozzle exhibit strong
oscillatory features transverse to the dispersion direction in the electron spectrum
images.
ing electron beam with the laser, can promote an increase in betatron oscillation
amplitude [100]. For this to occur, the electron beam needs to catch up with the
laser, which would be favoured by a longer interaction length. The faster than linear
scaling of x-ray yield with electron charge in case of the 10 mm nozzle may also be
an eﬀect of coherent addition of the radiation contributed by individual electrons.
6.4.9 Scaling of Critical Energy
The spectral properties of the betatron radiation were determined by measuring
the x-ray transmission through a set of metal foil ﬁlters of diﬀerent material and
thickness with the Andor x-ray CCD camera. Ecrit and W values obtained from
individual shots exhibit a large scatter (as indicated by open squares in ﬁgure 6.17 c).
This is why raw data from the x-ray CCD camera and the electron spectrometer
was ﬁrst averaged (for shots of identical plasma density). This was then used to
determine the critical energy Ecrit and mean electron energy W . This procedure
assures that individual shot data is weighted according to x-ray and electron yield.
The averaged raw data is shown in ﬁgure 6.17 a,b. From the electron data it
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Figure 6.17: Raw data from (a) electron spectrometer and (b) x-ray CCD camera
averaged for multiple shots with the same electron plasma density. The laser power
for all shots is (63  2) TW. (c) Mean electron energy (squares) and maximum
electron energy (triangles) as a function of plasma density. The colour of the plot
symbol corresponds to the critical energy of the x-ray radiation. The open squares
correspond to the individual analysis for each shot.
is evident that both the average and maximum energy increases with decreasing
plasma density, due to the density scaling of the dephasing length as discussed in
section 6.3.5. The inferred critical energy Ecrit increases with decreasing plasma
density, as indicated by the colour of the plot symbol in ﬁgure 6.17 a. The ﬁt for the
lowest density ' 61018 cm 3 does not produce a minimum min for critical energies
1   40 keV and is therefore likely to indicate Ecrit > 40 keV. We have nevertheless
truncated the ﬁt at 40 keV as hotter synchrotron spectra radiate the majority of
energy beyond ' 10 keV, where the quantum eﬃciency of the CCD has dropped
below ' 10%.
For densities above ' 1019 cm 3, the electron spectra become increasingly poly-
energetic and broad. In that case, the electron energy changes little with density
and the critical energy increases with density, as shown in ﬁgure 6.17 c.
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Figure 6.18: (a) Betatron oscillation amplitude r and (b) betatron strength
parameter a as inferred from the SAL using Ecrit = 3~e2/(2c0me)2z0rne and
a =
q
e2/(20mec2)r
p
z0ne and simultaneously measured electron energy z0,
plasma density ne and critical energy Ecrit. The open symbols correspond to the
analysis of individual shots whereas the solid symbols correspond to an analysis
of the averaged raw data from electron spectrometer and x-ray CCD for identical
plasma densities. Results are for (63  2) TW shots on 10 mm (red symbols) and
5 mm (blue symbols) nozzles.
6.4.10 Betatron Oscillation Amplitude and Strength Param-
eter
Having measured the electron energy, plasma density and the critical energy, one can
continue to compute the oscillation amplitude r and betatron strength parameter
a in the framework of the SAL. The relevant formulas introduced in section 2.5.1 are
given by Ecrit = 3~e2/(2c0me)2z0rne and a =
q
e2/(20mec2)r
p
z0ne. They are
strictly only valid for monoenergetic electron beams. But even for electron beams
with polyenergetic features or entirely broad spectrum, not all electrons contribute
to the radiation equally. Depending on the details of the spectrum, lower energy
electrons may be more abundant, but higher energy electrons radiate 5z0 times
more energy per solid angle. Thus, in computing r and a, we have used for z0 the
energy that maximises the product of dN/dW W 5, where dN/dW is the number
of electrons per energy bin.
Figure 6.18 show the calculated values for r and a for (63  2) TW shots on
5 and 10 mm nozzles for a range of densities. Open plot symbols correspond to
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the results obtained when the raw data is analysed individually for every shot. As
discussed in the previous section 6.4.9, there is a signiﬁcant shot-to-shot variation
despite seemingly identical input parameters (i.e. density and laser parameters).
In analysing the averaged raw data across multiple shots at identical conditions,
the shots with highest electron and x-ray yield are preferred and we obtain average
values for r and a, shown as solid symbols in ﬁgure 6.18. We see that for the 5 mm
nozzle, the average oscillation amplitude is as small as r ' 1 m. This number is
consistent with the smallest values of the x-ray source size measured in section 6.4.4.
Likewise we obtain for the 5 mm nozzle a betatron strength parameter as small as
a ' 10, which is in line with the values deduced from the divergence measurement
in section 6.4.1.
6.5 Numerical Modeling
A numerical technique, developed by J. L. Martins et. al., was used to model the
radiation produced in the interactions presented here.
6.5.1 PIC Simulation and Radiation Post-Processing
Three-dimensional numerical simulations were performed with the particle-in-cell
code OSIRIS [200] (see section 3.7.1), in which a linearly polarised pulse with our
experimental parameters was focused 0.25 mm into the plasma. The longitudinal
proﬁle of the laser was symmetric and given by 10 3  15 4+6 5, with  = p2(t 
t0)/FWHM, and FWHM = 32 fs is the pulse duration at FWHM. The transverse
proﬁle of the laser was gaussian with a spot size of 12 m at FWHM in intensity.
The plasma density proﬁle increased linearly from zero to ne = 8  1018 cm 3 in
the ﬁrst 0.5 mm, was constant for 3.5 mm, and fell linearly to zero in 0.5 mm. The
proﬁle was constant in the transverse directions. Simulations were performed in a
relativistic moving frame ( = 5), which allows for signiﬁcant computational gains
[217]. The simulation box corresponds to 60 94 94 m3 in the laboratory frame
and moves at the speed of light and was resolved with 4480  320  320 cells. A
total of 9:2  108 particles were pushed for 5  103 iterations. The resolution in
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Figure 6.19: Tracked particle trajectories in three dimensions. Electrons are in-
jected transversely, in several bursts, and then start to perform oscillations whilst
they gain energy along the axis. The colour scale represents the electron energy,
where blue is lowest and red is highest. Figure courtesy of J.L. Martins.
the laser propagation direction z was k0¢z  = 0:11, and kp¢x = kp¢y = 0:16 in
the transverse directions. To obtain the radiation emission from the simulation, a
post-processing diagnostic was used on a set of trajectories of injected electrons [155].
Figure 6.19 shows trajectories of injected electrons performing transverse oscillations
as they are accelerated. The tool uses the position and momentum information over
time to deposit the radiated ﬁelds on a virtual detector.
6.5.2 Numerical Results
Figure 6.20a shows, for a 5 mm nozzle at 8  1018 cm 3, the spectrally integrated
x-ray beam proﬁle with a divergence of 5 16 mrad2.
The proﬁle is elliptically elongated in the direction of laser polarisation. As
the modeling accounts for our detector response and ﬁlter transmission, it can be
directly compared to the experimental measurement in ﬁgure 6.9 a, demonstrating
excellent quantitative agreement.
Figure 6.20 b shows the modeled x-ray spectrum as a function of energy and
angle. The x-ray ﬂux peaks on axis at 10 keV and extends to ' 80 keV. A lineout
taken on axis, as would be measured by our detector, is plotted as a dashed line into
ﬁgure 6.21. The ﬁgure also depicts the experimentally measured spectrum in the
SAL, which yields critical energies Ecrit = (31 14) keV for 27 shots of (63 2) TW
on a 5 mm nozzle at (8  4)  1018 cm 3. The series includes the shots discussed
6.5. NUMERICAL MODELING 221
x
3
 [mrad]
e
n
e
rg
y
 [
a
.u
.]
x
2
 /
 m
ra
d
 x
2
 [
m
ra
d
]
ï
ï
ï
ï


2
3
4
5
6
d
I2
/d
td
S
 [
a
.u
.]

2
3
4
5
6



ï
ï


5


a b
energy [keV]
   
Figure 6.20: (a) Spectrally integrated x-ray beam proﬁle obtained from numerical
modeling, showing an elliptically elongated beam proﬁle in the direction of laser
polarisation. (b) Angularly and spectrally resolved x-ray ﬂux from numerical mod-
eling, displaying a peak on axis at 10 keV and a tail extending beyond 80 keV.
Figures courtesy of J.L. Martins.
Figure 6.21: (a) The betatron spectrum obtained from numerical modeling (dashed
black line) agrees well with the experimentally measured spectrum (red line) within
one standard deviation (shaded red). For the experimental spectrum, values for the
critical energy Ecrit = (29 14) keV are obtained by analysing 27 shots individually
with (622) TW on a 5 mm nozzle at densities of (94)1018 cm 3. (b) Histogram
of betatron strength parameters a obtained by calculating a = rz!/c for each
oscillation in the numerical trajectories.
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in section 6.4.9. It is obvious that the modeled spectrum is indeed synchrotron-like,
as postulated in section 2.5.3, although it has a somewhat slower decay at the high
energy end. This is the result of an increasing z(t) with time during the acceleration
process. The modeled spectrum also deviates from the measured SAL spectrum at
low energies, as evident by the subsidiary peak at 1-2 keV (see ﬁgure 6.21 a). The
peak would occur if a group of electrons actually oscillates with a betatron strength
parameter close to unity a ' 1. A histogram of betatron strength parameters
a is obtained by calculating a = rz!/c for each oscillation in the numerical
trajectories and plotted in ﬁgure 6.21 a. The histogram reveals that there is indeed
a signiﬁcantly large number of electron oscillations close to the undulator regime,
with a ' 2 although the average a ' 10 is well into the wiggler regime.
A study of the particle trajectories reveals, that it is the electrons with smallest
oscillation amplitude r, that contribute to the subsidiary peak in the a-histogram
and spectrum. The modeling also reveals that it is the fastest electrons that oscillate
with the smallest amplitudes. The betatron oscillation amplitude obtained from the
numerical modeling can be r . 2m, consistent with the experimentally calculated
values in ﬁgure 6.18 a and the experimentally measured source sizes in section 6.4.3.
The experimentally calculated values for the betatron strength parameter in ﬁgure
6.18 b at ' 8 1018 cm 3 are also in good agreement with the numerical prediction
in ﬁgure 6.21 b.
Despite the small deviation from an ideal synchrotron spectrum, the resemblance
is still notable and the modeled spectrum compares well with the measured spectrum
within one standard deviation (see ﬁgure 6.21 a).
6.6 Discussion
The numerical modeling predicts a total of 108 photons between 1 and 84 keV from a
30 fs electron bunch. Making use of the x-ray measurements with diﬀerential ﬁlters,
absolute photon numbers can also be determined. Under optimum conditions, the
photon yield is 8  1010 ph/keV/srad at Ecrit/4 ' 3   6 keV which amounts to
a total of 108 photons when integrated over the spectrum and solid angle of the
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beam. The photon yield is hence 2-3 times higher compared to the ﬁrst experimental
characterisation of a betatron sources [89, 93], a factor similar to the increase in
laser energy. The total photon number however stays roughly the same, as the
divergence decreases and the spectral width increases. Using the experimentally
measured number of photons, critical energy, spectrum, divergence, source size and
a believed pulse pulse duration of ' 20 fs, this corresponds to a peak brightness of
up to 3 1022 ph/s/mrad2/mm2/0.1%BW 3.
Table 6.2: Parameters of synchrotron x-ray sources.
Vulcan PW [89, 93] Hercules
laser energy [J] 90 1 2.3
laser duration [fs] 500 30 30
laser a0 10 1 4
ne cm 3 1:6 1019 1:0 1019 5:0 1018
Teff MeV 10 20 220
Wmax MeV 100 200 220
electron FWHM 11 5 0:2
solid angle [srad] 0:03 0:006 9 10 6
charge [nC] 8 0.4 0.1
electrons 5 1010 3 109 6 108
energy in beam [mJ] 80 8 20
x-ray FWHM 50 2:0 0:6
solid angle [srad] 0:6 0:001 8 10 5
source size [m2] 400 400 1
Ecrit 30 4 12
yield [ph/keV/srad] 5 1010 3 1010 8 1010
brightness @ Ecrit/4
[ph/s/mm2/mrad2/0:1%BW] 7 1018 8 1018 3 1022
energy in beam [mJ] 2 2 10 5 2 10 4
laser electron conversion 10 3 10 2 10 2
electron x-ray conversion 10 2 10 6 10 5
laser x-ray conversion 10 5 10 8 10 7
3In calculating the peak brightness, we have estimated the x-ray pulse duration by the electron
bunch duration. This is a common assumption [89].
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The electron acceleration is not strongly inﬂuenced by the very high a0 & 10,
as was case for the Vulcan source. Very high critical energies Ecrit = 10  40 keV
could nevertheless be obtained, which are a consequence of the high electron energy
rather than a large oscillation amplitude. The x-ray beam divergence stays low
 = 0:06, and is in fact four times smaller than that which was reported by Rousse
et. al. [89, 93].
Our x-ray beam typically contains a total energy of 2  10 4 mJ, i.e. 10 5 of
the total energy in the relativistic electrons or 10 7 of the total energy in the laser
pulse. These numbers are increased by a factor of ten compared to those reported
by Rousse et. al. [89, 93].
The laser electron energy conversion eﬃciency is similar to the report of Rousse
et. al., and increased by a factor of ten, when compared to our results from the
Vulcan laser. This reﬂects the higher eﬃciency of the LWFA regime compared to
the DLA regime. What distinctly separates this work from the early betatron studies
by Rousse et. al. is the observation of quasi-monoenergetic electron beams of high
collimation. Electrons perform transverse oscillations with micrometer amplitudes,
leading to a tenfold reduction in source size. The unprecedented small source size
and divergence lead to a 103 times increase in peak brightness of the x-ray beam
1022 ph/s/mm2/mrad2/0.1% BW, compared to the work reported by Rousse et al..
A complete list of laser, electron and x-ray beam parameters comparing the two
acceleration and radiation regimes is given in table 6.2.
6.7 Conclusion
In this chapter we reported on the ﬁrst observation of betatron radiation from mo-
noenergetic electrons from LWFA in the highly nonlinear bubble regime.
Beams of electrons with milliradian divergence and hundred picocoulomb charge
were observed for a range of densities. Electron spectra consisted of mono- or polyen-
ergetic features, due to consecutive phases of injection and beam loading, The peak
electron energy increased with decreasing density to a maximum of 400 MeV, fol-
lowing the relevant nonlinear scaling law.
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A beam of x-rays was observed in the forward direction, originating from a
micron-sized source, with ten micrometer source position jitter. The beam has a
ten milliradian divergence and similar pointing stability. The x-ray signal drops
below the noise level, if electrons are absent, suggesting a betatron mechanism to
be responsible for the radiation generation.
High magniﬁcation source size measurements were analysed with the Fresnel
formalism and are consistent with a gaussian source distribution and synchrotron
spectrum. The observation of a fringe in the half-shadow data indicated that the
radiation has an appreciable degree of spatial coherence.
The x-ray yield was found to increase with peak electron energy, narrow energy
spread and electron charge. In the latter case, the increase is faster than linear for
the longest nozzle, suggesting resonant driving of the betatron oscillations by the
laser. This is consistent with the observation of betatron remnants in the dispersed
electron spectra.
The spectrum of the x-ray beam is found to be synchrotron-like, and the critical
energy increases with decreasing plasma density, which correlates with an increase
of peak electron energy. The formalism of the SAL was used to infer the beta-
tron strength parameter and oscillation amplitude. The peak brightness of the
synchrotron radiation is 1000 times higher than that previously reported from a
betatron source with maxwellian LWFA electrons.
Extensive numerical modeling was carried out: Electron trajectories obtained
with the PIC code OSIRIS were post-processed to yield the characteristics of the
betatron radiation. The simulated x-ray beam proﬁle, spectrum, brightness, oscil-
lation amplitude and betatron strength parameter are in excellent (quantitative)
agreement with the experimental measurements.
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Chapter 7
Conclusions and Outlook
7.1 Discussion of Results
7.1.1 Guiding Length
In this thesis we have shown that with increase in laser power, the bubble regime
is entered directly. Self guiding is possible over ten Rayleigh ranges, if the power
is suﬃciently above the critical power P  8Pcrit. Guiding can actually be pushed
far beyond the dephasing lengths Lbubdp . Depletion moreover does not set in as fast
as predicted by the formula for Lbubpd , as we still measure 30% of the laser energy
after the end of interaction. With the Gemini laser, we could not fully capitalise on
the increased wakeﬁeld accelerator length, as for densities where self-injection was
observed, the dephasing lengths was signiﬁcantly shorter than depletion length.
We did however indirectly beneﬁt from an increased accelerator length, due to
increased energy gain via intensity ampliﬁcation. To directly beneﬁt from the in-
creased acceleration distance, injection at lower densities needs to be achieved. How-
ever stability issues still remain which could be solved by improved laser control and/
or use of an external guiding structure.
7.1.2 Energy Gain
Energy gain increases with (a) decreasing density and (b) increasing a0, in accor-
dance with the relevant nonlinear scaling law (cf. equation (2.109)). Both the ex-
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periments with Astra Gemini and Hercules show the n 1e density dependece
independently. The a0 dependence is conﬁrmed by the comparison between the
two experiments, where for Gemini w0 > w0m leads to signiﬁcant self-ampliﬁcation,
whereas for Hercules, w0 = w0m for most densities intensity ampliﬁcation is much
less signiﬁcant.
The scaling law for a ﬁxed input a0, Wmaxbub =
2
3
mec
2a
ncrit
ne
is a better ﬁt than
the matched scaling law W bubmax =
4
3
mec
2

P
Pcrit
1/3 ncrit
ne
. This can mean that at high
density, less energy is coupled into the plasma wave, probably because the spot
size is larger than the matched spot size w0  w0m. It could also mean that at
high density, dephasing has decreased the electron energy. Some dephasing could
have indeed occurred, as the dephasing length is much shorter than the theoretical
depletion lengths Lbubpd for both experiments.
The dephasing length should have been the most similar to the depletion length
and plasma length for the experiments with the Hercules laser at 4 61018 cm 2
(cf. ﬁgure 6.8). Of all the experiments reported in this thesis, these shots also had
a spot size w0 and a vector potential a0 that is the most similar to the matched
conditions. Increasing the plasma length (by increasing the nozzle length from 5 to
10 mm) then leads to a small reduction of energy gain due to the eﬀect of dephasing,
until the pulse is fully depleted (cf. ﬁgure 6.7).
Comparing other experimental results from various LWFA's with our results
shows that the energy gain scales linearly with laser power (cf. ﬁgure 7.1 a). Our
experimental results show, that the self-guided self-injecting LWFA can be scaled
to GeV scale energies. Data is also shown for experiments with guiding structures.
Caution should be exercised when comparing between self-guiding and external guid-
ing, as injection was likely assisted by ionisation [110] and better laser control was
achieved for external guiding [218] 1.
1Ionisation injection can in fact lead to electron energy gain in excess of 1GeV with ' 100TW
laser power for self-guided LWFA [219].
7.1. DISCUSSION OF RESULTS 229
a b
10
18
10
19
10
20
10
0
10
1
10
2
10
3
density [cm
ï
]
p
e
a
k
 e
n
e
rg
y
 [
M
e
V
]
Gemini / Hercules
RWKHUVHOIïJXLGHG
guided
scaling a
0
=3.3
0 50 100 150 200
0
200
400
600
800
1000
laser power [TW]
p
e
a
k
 e
le
c
tr
o
n
 e
n
e
rg
y
 [
M
e
V
]
Gemini / Hercules
RWKHUVHOIïJXLGHG
guided
fits
Figure 7.1: Collation of results from guided (blue open circles) experiments, self-
guided (red open squares) experiments and our self-guided (red ﬁlled squares) ex-
periments on the Gemini laser and Hercules laser. Previous results are taken from
[211] and references therein. (a) The solid and dashed black line give are linear best
ﬁts to the data (intercept at zero) giving the energy gain per laser power. (b) The
black line is a best ﬁt to the results, using the model from equation (2.109) with a0
treated as free parameter.
7.1.3 Polyenergetic Spectra
Intensity ampliﬁcation increases the energy gain, and reverts beamloading, most
prominently veriﬁed by the increasing number of monoenergetic features and charge
with interaction length, as observed during the experiment with the Astra Gemini
laser (cf. ﬁgure 5.10). But even if pulse ampliﬁcation is almost turned oﬀ, as for the
experiment with the Hercules laser at matched density (cf. ﬁgure 6.8), we still
observe signiﬁcantly more than one monoenergetic feature. This may indicate that
even small amounts of intensity ampliﬁcation can give rise to consecutive phases of
injection and beam loading. Moving away from the nonlinear regime to the linear
regime, by reducing the laser power (low power shots with Hercules laser on 5 mm
nozzle), the number of monoenergetic features eventually does drop to around one
(cf. ﬁgure 6.6).
Caution however should be exercised when linking the appearance of multiple
bunches with intensity ampliﬁcation. Other mechanisms exist that reduce the num-
ber of polyenergetic features. Increasing the interaction length beyond the theoret-
ical dephasing and depletion length (cf. high power shots with the Hercules laser
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on 10 mm nozzle) proved an eﬃcient way to consistently obtain only ' 2 features.
The mechanism behind this is unclear, in particular since the extra plasma should
not make a diﬀerence, because, from an theoretical / numerical point of view, the
laser is already depleted. The plasma wave may have been driven past depletion by
the electron beam itself [220].
7.1.4 Injection
Injection is not fully understood yet [221, 222]. Injection ceases below a certain
density. This is the matched density for the experiments with Hercules (cf. ﬁgure
6.7 and 6.8). At lower density, the bubble radius is initially larger than the laser
spot size, diﬀraction of the laser leads to intensity reduction below the a0 ' 4:4
and consistent injection stops. For the experiments with Astra Gemini, however,
injection ceases well above the matched density and ampliﬁcation beyond a0 '
6 is necessary for consistent injection to occur (cf. ﬁgure 5.11 and 5.25). The
experimentally observed injection threshold a0 ' 4   6 is in good agreement with
the prediction made in [121].
Figure 7.1 b plots the peak electron energy as a function of plasma density. It
has been shown that injection of electrons is assisted by ionisation of atoms and ions
(from ﬁll gas or capillary wall) in capillary discharge waveguides [110], which was
the reason for the reduced density threshold. Deliberately adding higher Z species
to the gas has also shown to reduce the density threshold for injection in self-guided
LWFA's [37, 38, 219]. Better injection control (in particular for self-guided LWFA's)
is therefore not only important to reduce the electron energy spread [29] but also to
increase the rate of electron energy gain per available laser power.
Our experiments have shown, that experiments in the bubble regime can lead to
self-injection of a large amount of charge (hundreds of pC), which is advantageous
to maximise the betatron x-ray yield.
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7.1.5 Stability
Stable injection does not necessarily imply stable electron beam parameters. Vari-
ous aspects of the beam proﬁle (divergence and pointing) are correlated with laser
and target parameters (laser pointing and nozzle alignment) as discussed in chapter
5. Momenta of the spectral electron distribution (energy, energy stability, energy
spread) are poorly reproducible from shot to shot (cf. ﬁgure 5.10). Energy stability
and spread worsens with interaction lengths, as the amount of pulse evolution and
intensity ampliﬁcation increases. In the highly nonlinear regime, pulse evolution will
multiply initial ﬂuctuations in the laser intensity and proﬁle, signiﬁcantly modifying
the wakeﬁeld structure and outcome of the experiment. This has been veriﬁed with
numerical modeling (cf. section 5.6.3). Control and knowledge over laser parame-
ters that are believed to inﬂuence stability is therefore paramount. Other hidden
parameters of relevance may exist and it is ultimately not clear if a certain level of
instability will always be inherent to (at least) self-injecting LWFA.
7.1.6 Acceleration and Radiation Regime
When a laser interacts with an underdense plasma, self-traps and accelerates elec-
trons to relativisitic energies, the electron beam is almost always accompanied by
a beamed x-ray emission. The x-ray radiation strongly depends on the acceler-
ation of the electrons which in turn depend on the choice of laser, focusing and
target parameters. At comparatively low laser intensities 3 < a0 < 5, moderate
plasma densities 3  1018 cm 3 < ne < 1:2  1019 cm 3, short pulse lengths 30 fs
and high F-number of ' 10   20, the electrons are predominantly accelerated lon-
gitudinally by the plasma wave (cf. chapter 6). The longitudinal acceleration is
accompanied by comparatively small transverse oscillations which result in a colli-
mated (' 10 mrad) beam of x-rays (10-40 keV) originating from an unprecedented
small source size (' m). With increasing laser intensity (10 < a0 < 30), density
(1:2 1019 cm 3 < ne < 4 1019 cm 3), pulse length > 500 fs and short F-number
(3-5), electrons can be accelerated directly by the laser (cf. chapter 4). A beta-
tron resonance leads to a tenfold increase in transverse oscillation amplitude, which
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results in a less collimated (50-95) beam of hard x-rays (20-50 keV) originating
from a relatively large source size (> 20m). In LWFA, electrons are commonly
injected well behind the laser pulse, minimising the eﬀects of laser electron interac-
tion, whereas the increase of  , a0 and ne in DLA render the electrons more prone
to the inﬂuence by the laser. In both DLA and LWFA, the measured x-rays are well
described in the synchrotron asymptotic limit, with the wakeﬁeld accelerated beams
yielding a K-parameter of  5 and the DLA beams yielding a K-parameter  100.
The antithetic characteristics of the synchrotron radiation from wakeﬁeld and direct
laser accelerated electrons are reﬂected in the hugely diﬀerent K-parameters.
7.2 Outlook
7.2.1 Immediate Implications
The study of x-ray radiation from laser-plasma interaction clearly gives additional
insight to the acceleration processes. It can help discriminate between acceleration
regimes. The radiation contains in principle full information about the acceleration
dynamics of the electrons. The high electron to x-ray conversion eﬃciency on the
percent level in the DLA case highlights the onset of radiation damping, which, in
particular for upcoming 10 PW class lasers with a 10 has to be kept in mind. If
properly characterised, the radiation can be used as an electron diagnostic.
The source size is a particularly important radiation parameter, which, in con-
junction with electron beam energy and divergence, can serve to calculate electron
beam emittance, a measurement that is otherwise much more complicated to obtain
experimentally. The emittance was calculated in this way (cf. table 7.1). Despite
the lack of monochromaticity, the degree of spatial coherence of the betatron source
would allow for phase contrast imaging of a specimen such as a single cell [223].
High energy electron beams with short pulse duration and high stability may be
used for femtolysis of water [224], radiotherapy [225] or radiography applications for
materials science and homeland security [226].
7.2. OUTLOOK 233
Figure 7.2: Peak brightness of synchrotron, FEL and novel light sources. Tuning
curves of Doris III sources are coloured green including BW2 and BW3 wiggler
and bending magnet. Tuning curve of Petra II source is coloured in cyan. Tuning
curves of third generation Petra III sources are coloured in dark blue, with (a) soft
x-ray undulator (4 m), (b) standard Kmax ' 2:2 undulator (5 m), (c) hard x-ray
Kmax ' 7:5 wiggler (7.5 m). Tuning curves of other third generation sources are
coloured in light blue, with (1) Bessy II U125, (2) ALS U5, (3) Diamond U46,
(4) SPring-8 BL46. Betatron spectra from the experiments on the Vulcan and
Hercules laser are overlaid in fat green and blue lines, respectively. Upcoming 4th
generation light sources LCLS, XFEL and recently commissioned soft x-ray FEL
FLASH are given in red and orange, respectively. For comparison, peak brightness
obtained from a laser solid target K source [227] and a laser solid target high
harmonic source [228] is also included. All other curves taken from [229, 230]
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7.2.2 Implications of Betatron Sources
The betatron source is certainly a novel light source, but is it as attractive or com-
petitive a light source as conventional synchrotron and FEL photon sources? The
peak brightness is one key enabling parameter of any light sources and ﬁgure 7.2
shows tuning curves of a range of 2nd, 3rd and 4th generation sources in comparison
with the peak brightness of the betatron sources obtained with the Vulcan and
Hercules lasers. The ﬁgure shows that the peak brightness of betatron sources
is indeed comparable to 2nd and 3rd generation conventional machines. Betatron
sources are also the brightest GeV electron driven light sources in the region of hard
x-rays, brighter than high harmonic or K sources. When compared with the latter,
betatron sources have the additional beneﬁt of narrow angular divergence.
Our betatron sources however exhibit no signiﬁcant temporal coherence and no
SASE gain, and the peak brightness is at least 4 orders of magnitude below 4th
generation facilities. Peak brightness is not the only key parameter of a light source.
Equally important is average brightness, pulse duration, source size, divergence and
energy spread. Table 7.1 give a comparison of the Hercules betatron source with
a 3rd generation undulator2 of the Petra III facility and with a soft and hard x-ray
FEL.
The betatron source is competitive in terms of pulse duration, source size, pho-
ton energy and absolute time synchronisation, but its divergence, bandwidth, photon
number and repetition rate are orders of magnitude inferior compared to the con-
ventional facilities. Some of these aspects may be due to the wakeﬁeld electron
beam, with relatively large energy spread and poor stability. Due to the suspected
correlation of electron and laser beam stability (cf. section 5.3.2, 5.4.3), it is there-
fore paramount to advance laser technology, diagnostics and control in an eﬀort
to improve the electron beam quality. Even if a stable LWFA electron beam with
narrow energy spread could be relied on, it is doubtful if lasing, or even monochro-
matic radiation emission could be realised in a single stage, due to the simultaneous
electron energy gain.
2coherent x-ray beam line [229]
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Table 7.1: Parameters of light sources compared with the best results achieved
with a laser plasma accelerator and wiggler from this thesis work.
Petra III FLASH XFEL LCLS chapter
[229] [231, 230] [64] [232, 233] 6
electron energy [GeV] 6 1 17.5 4.5-15 0.4y
energy spread [%] 1 0.1 0.02-0.1 20y
energy stability [%] 20y
charge [pC] 4 500 1000 20-1000 100y
bunch duration [ps] 40 0.08 0.06 0.06-0.300 (< 0:01)& 0.03?
bunch length [mm] 12.5 0.025 0.019 0.02-0.9 (' 10 3)$ 0.006?
bunches per train 1920 800 3000 1 ' 1y
train repetition rate [Hz] 50 10 10 60 0.1y
peak current [A] 0.1 1000 5000 3000 - 4000 3000?
emittance [mmmrad] < 2 1.5 0.2-2 3y
photon energy [keV] 12 0.27 12 0.8-8 12y
pulse duration [ps] 40 0.07 0.1 0.06-0.3 (< 0:01) 0.03?
divergence [rad] 30 4 1 0.4 10000y
bandwidth [%] 0.6 1 0.1 0.1-3 100y
source size [m] 70 33 2y
photon number 1013 1012 1012 1012 108y
peak brightness 1020 1030 1034 1033 1022
[ph/s/mrad2/mm2/0:1%BW]
average brightness 1015 1020 1025 1021 107
[ph/s/mrad2/mm2/0:1%BW]
&this measurement is instrument limited (may be as short as 1-3 fs); $using pulse compression
(leads to reduced charge); ymeasured; ?inferred;
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Other shortcomings of the betatron source, such as the average brightness, which
falls many orders of magnitude behind 3rd generation sources (cf. table 7.1), are due
to the low repetition rate of currently available high power lasers (Nd:YAG pumped
Ti:Sapph). To attract a signiﬁcant number of users, progress needs to be made to
increase signiﬁcantly the repetition rate of the LWFA. 1-0.1 TW laser systems with 1-
10 kHz repetition rate have been realized several years ago [234, 235]. OPA schemes
allow to increase the output power to 10 TW by reducing the pulse duration to a
few optical cycles [236]. In combination with eﬃcient diode pumping, tens of TW to
PW scale powers at tens of Hz to kHz repetition rate should be feasible, are planned
and/ or already under construction [237, 238]. MHz repetition rates are accessible
with ﬁber lasers, but it remains to be seen if their peak power can be increased
to the TW level. Monenergetic beams of electrons with tens of MeV peak energy
have already been produced in the LWFA bubble regime at 10 Hz [239]. With the
progress in laser development described above, one can anticipate an increase of the
average betatron brightness by 2-5 orders of magnitude, by operating at 0.1-1 kHz,
10-1000 TW witin the next 1-5 years 3.
The beneﬁt of the betatron source lies less in superseding but rather comple-
menting existing conventional machines. The unique proposition of (at least) the
ﬁrst generation betatron source is therefore to provide a compact, economical, and
low complexity device that could cater for scientists at universities, prototyping
costly large scale experiments.
7.2.3 Novel Light Sources in Practice
One can already ﬁnd a good number of high impact publications, reporting on
the employment of laser driven novel light sources to obtain experimental results
of great signiﬁcance. Time resolved x-ray diﬀraction using a laser solid target x-
ray source has been used to measure non-destructively with subpicometer spatial
and subpicosecond temporal resolution reversible changes in a nanostructure [240].
Point-projection K-shell absorption spectroscopy was used to infer the ionisation and
3This also entails progress in high repetition rate targets, data acquisition etc.
7.2. OUTLOOK 237
recombination dynamics of transient aluminum plasmas on a picosecond timescale
[241]. Femtosecond time-resolved x-ray diﬀraction from laser-heated organic ﬁlms
has been demonstrated [242], nonthermal melting of germanium was watched with
ultrafast x-ray diﬀraction [243] and x-ray absorption ﬁne structure measurements of
chemical solutions were performed [244]. All of these measurements depend on the
absolute synchronisation with a laser source. For most of these examples, a laser
K source was used instead of a conventional synchrotron. The ultrashort pulse
duration combined with the absolute time synchronisation makes a betatron source
even more attractive than a K source and would thus allow for experiments not
otherwise possible without a (3rd generation) conventional facility.
LWFA Beams for Synchrotrons and FELs Using a range of diﬀerent scenar-
ios, as shown in table 7.2, the electron beam has never fulﬁlled all the necessary
criteria (gain, energy stability, spread and charge) required for Synchrotron or FEL
facilities. The bubble regime gives high electron energies and charge, but poor en-
Table 7.2: Matrix experimental regimes (distinguished by criteria (a) injection, (b)
guiding and (c) laser intensity) and experimental success achieved therein (quantiﬁed
as simultaneously fulﬁlling as many of the goals (1) GeV energy gain, (2) 1   10%
energy stability, (3) 1  10% energy spread and (4) nC charge as possible).
injection guiding a0 GeV good narrow nC ref.
gain energy energy charge
gain stability spread
self self linear no yes yes no [36]
self self bubble yes no no yes [216]
self capillary linear yes no yes no [27]
self capillary bubble yes no no yes [218]
colliding self linear no yes yes no [29]
ergy stability and spread. The linear regime gives comparably best electron energy
stability and spread but low charge. LWFA has made laudable progress in the past
three decades, since Tajima and Dawson's seminal paper [6]. Yet the majority of the
eﬀorts are rather disparate as they were made by small university groups with vastly
238 CHAPTER 7. CONCLUSIONS AND OUTLOOK
diﬀerent laser facilities and non-standardised analysis and presentation techniques.
To study elusive dependencies between accelerator performance and laser stability
for example, a more programatic approach may be needed.
The LWFA approach may not so much hold the prospect of a more economical
but rather a more compact novel light source. An XFEL based on LWFA electrons
requires experimental stations similar to those found in 4th generation light sources.
This could signiﬁcantly increase the price tag of a LWFA XFEL. In the case of
LCLS, its (order 5-10) experimental stations account for half of its total cost of
' $1 billion [245]. Still, it seems worthwhile to pursue and improve concepts of
novel light sources. The advent of novel light sources could trigger a revolution in
the way ultrafast photon science is done, akin to the revolution brought along with
the ﬁrst conventional facilities [65, 246, 247].
LWFA as a Module for HEP A programatic approach also seems inevitable, if
one was to use LWFA as a module for HEP. For LWFA to be interesting for HEP,
LWFA modules would have to be more economical, compact and simple, compared
to conventional RF cavities. The development of a single 10 GeV module, with
demonstration of ten Hertz operation, controlled injection, staging and sub 1% en-
ergy spread is currently a 5 year project with ' $20 million budget [43]. In the
case of success, a possible spin-oﬀ might be a university scale XFEL, as mentioned
above, with parameters comparable to XFEL or LCLS4. The feasibility of staging
needs to be demonstrated, before it would even be possible to extrapolate from the
cost of a single stage to an accelerator relevant for HEP. A HEP machine using
LWFA technology will still need particle detectors, which accounted for a ﬁfth of
the total cost of LHC [248]. Ultimately, high power lasers and relativistic electron
beams could be combined to realise a new kind of photon collider for HEP [249].
Before any funding entity seriously committed to (even the development of) either
an LWFA based light source or particle collider, scientists will have to turn some
more of the red boxes into green in the tables 7.1 and 7.2.
4with the obvious exception of bunches per train, meaning with a 1000 times lower eﬀective
repetition rate
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Appendix
8.1 Constants, Symbols and Equations
8.1.1 Fundamental Constants and Symbols
The value of fundamental constants and meaning of basic symbols are outlined in
the tables 8.1 and 8.2. Throughout this thesis, scalar quantities are denoted in
regular and vector quantities are denoted in bold typeset. Indices refer to vector
components (i.e. rx is the x-component of the position vector r) or the meaning of
the quantity (i.e. !p is the plasma frequency, Ecrit is the critical energy etc.). All
formula and units are written in terms of the international system of units SI unless
otherwise noted.
Table 8.1: Fundamental Constants
Symbol Name Quantity (MKS)
c speed of light in vacuum 3:00 108 ms 1
h Planck's constant 6:63 10 34 Js
e electron charge 1:60 10 19 C
me electron mass 9:11 10 31 kg
mi proton mass 1:67 10 27 kg
0 permittivity of free space 8:85 10 12 Fm 1
0 permeability of free space 4  10 7
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Table 8.2: Basic Symbols
Symbol Quantity Units (MKS)
p momentum kgms 1
u canonic momentum kgms 1
v velocity ms 1
r position m
t time s
! frequency s 1
W energy J
 charge density Cm 3
j current density Am 2
q charge C
n charge number density m 3
E electric ﬁeld Vm 1
B magnetic inductance T
A vector potential Vsm 1
 scalar potential V 1
F force N
Ecrit synchrotron critical energy J or keV
r betatron oscillation amplitude m or m
a betatron strength parameter no unit
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8.1.2 Maxwell Equations and Potentials
The fundamental equations relevant for the derivations in this thesis are the Maxwell
equations,
r E = 
0
(8.1)
r B = 0 (8.2)
rE =   @
@t
B (8.3)
rB = 0j + 1
c2
@
@t
E (8.4)
frequently referred to as (1) the Gauss's law, (2) the Gauss's law of magnetism, (3)
the Faraday's law of induction and (3) the Ampere-Maxwell law. This set comprises
8 equations for 6 variables and thus can be reduced by introducing potentials:
E =  @A
@t
 r (8.5a)
B = rA (8.5b)
The potentials A and  are not unique, hence a further condition can be made, the
gauge conditions. The Coulomb gauge rA = 0 makes the scalar potential  equal
to the electrostatic potential. The Lorenz gauge c2r A + @/@t = 0 is typically
used to study the generation of electromagnetic radiation by charged particles 8.4.
By taking the divergence of the Ampere's law
0 = r  (rB) = 1
c2
 
@
@t
r E + r  j
0
!
(8.6)
and replacing rE from Poisson's equation (8.1) one obtains the equation of charge
and current conservation
@
@t
+r  j = 0 (8.7)
from which the continuity equation
@ne
@t
+r  (neve) = 0 (8.8)
follows for the current density j =  eneve assuming a plasma with stationary ions.
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8.1.3 Lagrange Function and Equation of Motion
The Lagrange function1 for a charged particle in an electromagnetic ﬁeld is
L =  mc2
q
1  2 + qA  v   q (8.9)
from which with the Euler-Lagrange equation
d
dt
@L
@v
=
@L
@r
(8.10)
follows the equation of motion
d
dt(p+ qA) = q(rA)v   qr (8.11)
where r only acts on A because v does not depend on r explicitly. Using the
Table 8.3: Normalisation
a qA/mec
 q/mec2
E E/mec2 = 
p p/mec = ¯
v ¯ = v/c
t !t
r !r/c
normalisation given in table 8.3 one obtains the equation of motion in dimensionless
form:
d
dt(p  a) =  c(ra)¯ + cr (8.12)
8.1.4 Lorentz Force
With (rA)v = (vr)A+ v  (rA) and the convective derivative
d
dt
=
@
@t
+ (vr) (8.13)
1The Lagrange density for (Quantum) Electrodynamics can be obtained simply by postulating
local gauge invariance ª(x)! ei(x)ª(x) (U(1) Symmetry) [250].
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and the deﬁnition for the electromagnetic potentials (8.5) we obtain from equation
(8.11) the Lorentz Force
F = q(E + v B) (8.14)
8.2 The Wave Frame
For relativistic plasma waves (i.e. vph ' c), it is useful to introduce a frame of
reference that moves at the plasma wave phase velocity vph. The coordinates of lab
frame (x; y; z; t) and wave frame (x; y; ;  ) are related via a galilean transformation
 = z   vpht and  = t. A change of variables involves the following changes in
derivatives
@
@t
=
@
@
@
@t
+
@
@
@
@t
=  vph @
@
+
@
@
@
@z
=
@
@
@
@z
+
@
@
@
@z
=
@
@
(8.15)
The relativistic factor ph =
q
1  2ph =
q
1  v2ph/c2 is assigned to the wave frame.
8.3 The Ponderomotive Force
In terms of the canonical momentum u = p  a, using elementary algebra, one can
rewrite the equation of motion (8.12) using the convective derivative for
du
dt
=   c

ra
2
2
  cra  u

+ cr (8.16)
The last term is the electrostatic force due to a charge distribution and can be
neglected in the case of a single particle. If we consider a laser pulse a with fast
oscillating temporal dependance ! = jkjc and slowly varying temporal and spatial
envelope with pulse duration   1/! and waist w  1/jkj, we can separate the
fast and slow dynamics of equation (8.16). Averaging (8.16) over one laser cycle
¢T = 2/!, we obtain the net impact on the electron over long timescales.
1
¢T
t0+¢TZ
t0
du
dt
dt0 =
1
¢T
t0+¢TZ
t0
 
  c

ra
2
2
  cra  u

!
dt0 (8.17)
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Integrating the second term on the right side by parts gives
*
du
dt
+
=  
*
c

ra
2
2
+
 
"
crhai  u

#t0+¢T
t0
+
t0+¢TZ
t0
crhai  @
@t
 
u

!
dt0 (8.18)
where the angled brackets denote the time average. As we have required   T for
the pulse, hai ' 0 and the last two terms in (8.18) can be disregarded. This gives
the relativistic ponderomotive force on a single particle in a vacuum:*
du
dt
+
= Fp =  
*
c

ra
2
2
+
(8.19)
8.4 Electromagnetic Radiation from Accelerated
Charges
On a fundamental level, the treatment of radiation from accelerated charges requires
solving the time dependent Maxwell equations (8.1) to (8.4). In Lorenz gauge r 
A + (1/c2) _ = 0, the Maxwell equations are equivalent to inhomogeneous wave
equations symmetric in the potentials A and . A general solution is given by the
Lienard-Wiechert potentials. For a point charge moving along the trajectory x0(t)
the Lienard-Wiechert potentials yield
E(x; t) =
e
40
"
n  
2(1    n)3R2
#
ret
+
e
40c
"
n ((n  ) _)
(1    n)3R
#
ret
(8.20)
where the distance distance between source and observer R(t0) = jx   x0(t0)j, n
is a unit vector pointing from the retarded position of the source to the observer,
 = v/c is the normalised velocity and _ = d/dt the normalised acceleration of the
charge evaluated at the retarded time t0 = t R(t0)/c. The ﬁelds divide themselves
naturally into velocity ﬁelds which are independent of _ and acceleration ﬁelds
which depend linearly on _. For a non-accelerated particle ( _ = 0) observed at a
co-moving frame of reference  = 0, the second term in the electric ﬁeld in equation
(8.20) vanishes and the ﬁrst term reduces to the well known Coulomb Field of a
single electron. The radiated energy per unit frequency interval and solid angle is
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related to the Poynting vector
d2I
d!d­
=R2 [S  n] = 0cR22  jE^a(!)j2 =
=
e2!2
1630c

1Z
 1
n (n )ei!(t0 nx0(t0)dt0

2
(8.21)
where E^a(!) is the Fourier transformation of the acceleration ﬁeld of equation (8.20).
8.5 Gaussian Mean for Statistical Data Analysis
For comparing the dependence of a particular measurement Y on an experimental
parameter2 J for two diﬀerent sets of data, each composed of many discrete points,
it is useful to produce a continuous function Y (J). Therefore a gaussian weighted
mean of the form
Y (J) =
PN
i=1 Yie
 4 ln 4
h
J Ji
JFWHM
i2
PN
i=1 e
 4 ln 4
h
J Ji
JFWHM
i2 (8.22)
is deﬁned using all of the data pairs fJi; Yig. The parameter JFWHM deﬁnes the
width of the gaussian kernel, i.e. the width of the averaging window. The parameter
JFWHM is typically chosen as large as the experimental uncertainty in J . Similarly
higher statistical momenta can be deﬁned, in particular the second moment about
the mean
(J) =
s
N
N   1
vuuuuut
PN
i=1(Yi   Y (J))2e
 4 ln 4
h
J Ji
JFWHM
i2
PN
i=1 e
 4 ln 4
h
J Ji
JFWHM
i2 (8.23)
which serves as a standard deviation.
It is of particular interest to compute Y (J), where J = ne is the electron plasma
density and Y is an aspect of the electron beam, e.g. the peak energy, charge, peak
widths or number of quasi-monoenergetic features in the beam.
2or other measurement
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8.6 X-ray Filters
Figure 8.1 shows ﬁlter transmission and table 8.5 shows conversion factors to calcu-
late absolute photon numbers for x-ray ﬁlters used in this work.
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Figure 8.1: Transmission of various x-ray ﬁlter packs and Ross ﬁlter pairs used in
the various experiments for the reconstruction of the betatron x-ray spectrum
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